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Introduction

Average treatment effects (ATEs) are common in epidemiology
but depend heavily on key assumptions (eg, counterfactual con-
sistency, positivity, conditional exchangeability) for validity." This
has prompted research on effect estimators that require fewer
assumptions. For example, when identifying or accurately mea-
suring confounders is not possible, exchangeability may be vio-
lated and alternatives to ATEs may be desirable.

Instrumental variables (IVs) are one such alternative. They
exploit “instruments”—variables related to outcome only through
their relationship with exposure (illustrated in Figure 1). Here,
we show derivation of the IV estimator to illustrate the
conditions under which IVs are valid, and what effects they
target.

In epidemiology, IVs are sometimes used to estimate
compliance-adjusted effects in randomized controlled trials,
and define mendelian randomization studies of a confounded
relationship between a gene product and outcome. As an example
of the former, consider a scenario where we want to estimate the
effect of aspirin on headache in a well-defined cohort. We collect
information on the randomization stratum (X), the outcome
of interest (Y), whether each individual actually took the pill
they were randomized to (A)—as well as variables that might
predict whether they took the pill or not—and whether they will
experience a headache (C). To simplify the explanation below, we
assume A can take 2 values: A = 1 (took aspirin) and A = 0 (took
placebo). This scenario can be depicted with the directed acyclic
graph in Figure 1.

Figure 1 illustrates important elements that result from ran-
domization. First, X (the instrument) is exogenous, meaning the
variable does not depend on other variables in the system. Under
exogeneity, we can perform simple unadjusted analyses to quan-
tify the causal effect of X on Y.

Unfortunately, the benefits of this exogeneity extend only to
the treatment assignment variable X, which only provides an
estimate of the effect of telling people to take the treatment (the
effect of X). If interest lies in the effect of the actual treatment A,
unadjusted analyses will be confounded. However, IV estimators
can leverage X’s exogeneity to answer questions about the effect

of A onY without the need to adjust for confounding of the A — Y
relationship.

The instrumental variable estimator

The IV estimator relies on the fact that the effect of A on Y, defined
as E (Y*=! — Y*=0), is contained in the following 2 effects:

E (YX:l _ YX:O) ,

E (AX:1 _ AX:O) )

where Y* and A* are the outcome and compliance variables that
would be observed if X were set to x. Instrumental variables use
the information in the X — Y and X — A paths (Figure 1), both of
which are unconfounded, to estimate the effect of A — Y.

The IV estimator is defined as:

. E(Y|X=1)-E(Y|X=0)
VS ERIX=D _E@A[X=0)

Conceptually, this equation estimates the effect of X on A
(denominator), and then removes this component from the esti-
mated effect of X on Y (numerator). What remains is the effect of
AonY.

Local average treatment effects

Instrumental variable estimators were introduced early in the
20th century. In 1996, Angrist et al’ used potential outcomes to
clearly define the target IV estimand. They showed that the IV
estimator quantifies:

E (Yazl _ Ya:O I AX:l - AX:O) )

This is referred to as the local average treatment effect (LATE).
It is “local” because it estimates the effect of A on Y in a subset
of the population defined by A**! > A*0. This conditioning
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Figure 1. Directed acyclic graph showing the relationship between a
randomly assigned treatment indicator X, an indicator of whether
individuals took the assigned treatment A, an outcome of interest Y,
and common causes of whether individuals took treatment and of the
outcome (C).

statement can be understood by referring to Table 1, which
shows that those with A*=! > A*=0 would have taken aspirin
if they were assigned to it, and would have not taken aspirin if
not assigned to it. These individuals are considered “compliers”
because this inequality holds only if A*** = 1 and A*° = 0,
which (for a binary treatment) is the only way the “monotonicity”
condition A*=! > A*=0 can be satisfied. As shown below, assuming
monotonicity entails no defiers in the population (Table 1). Thus,
the LATE quantifies the effect among a subset of the sample who
would have taken aspirin had they been assigned to it, AND who
would have taken placebo had they been assigned to it.

The IV estimator as a LATE is a recognized problem.® The
conditioning statement for LATEs is defined as a function of
potential outcomes; we do not know whom the LATE applies to
beyond the vague abstraction referred to as “compliers” (bottom
left cell of Table 1), which are not observable with data. Thus,
when assuming monotonicity, the LATE is identical to the com-
plier average causal effect (CACE).

In the sections that follow, we show how the IV estimator can
be derived, why this derivation requires assumptions not often
articulated in applied research, and how these assumptions are
important for interpreting IV effects. By definition, a variable X is
an instrument if:

Assumption 1. X has a causal effect on A. Formally, this
can be written as:

A= A0 20,

Note Hernan and Robins® generalized this condition to be “X is
associated with A.”

Assumption 2. X affects Y only through A. Formally, this
can be written as

Ya,x:l — Ya,x:o — Ya

and is often referred to as the exclusion restriction
assumption.

Assumption 3. X does not share common causes with the
outcome (ie, no confounding of the effect of X on Y), which
implies mean exchangeability:

E(YA77=1 | X) = E(YA™*=1) and E (A= | X) = E (A*=Y).

With these assumptions, we can rewrite the equation for the
IV estimator above to equal the LATE, which allows us to estab-
lish identifiability. In effect, we will prove that under certain
assumptions:

IV Estimator

EYIX=D-EX[X=0) _
EA|X=1)—-EA|X=0

E (Ya:'l _ Ya:l | AX:l > AX:O) )

Local Average
Treatment Effect

Stable unit treatment value assumption
(consistency and no interference)

If we assume counterfactual consistency and no interference,’
we can rewrite the terms in the numerator of the IV estima-
tor. Throughout, we demonstrate derivations under the scenario
where X = 1

EY|X=1)=E(Y"=|X=1).

Here, Y®&=4*=1 5 the outcome that would be observed if X were
set to 1 (x = 1in the arguments of the potential outcome), under
the A value observed in the sample (a = A).

Exclusion restriction

As noted above, the exclusion restriction states that Y&*=!
Yax=0 — Y4 allowing simplification of the right-hand side of the
above equation:

E(Y=**1|X=1)=E(Y*"*|X=1).
Exchangeability
If Assumption 3 holds, we can assume mean exchangeability,

which allows us to write:

E(Y**|X=1) =E(Y**).

Table 1. Table of response types showing never-takers, always-takers, compliers, and defiers, as well as the
effects (defined via potential outcomes) that result for each scenario®.

AX:O
0 1
0 Never-taker: Defier:
Ax=1 y[x=1.A%=1=0] _ y[x=0,4"=0=0] _ yx=1A%1=0] _ y[x=0A%0=1] _ _ [szl _ YX:O]
1 Complier: Always-taker:

ylx=1.4"1=1] _ [x=0,A"0=0] _ yx=1 _ yx=0

ylx=141=1] _ [x=04"=1] _

aTable variable definitions: A*, compliance that would be observed if randomized to x; Y, outcome that would be observed if
randomized to x; Y*4"], outcome that would be observed if randomized to x under compliance that would be observed if

randomized to x. Table modified from Angrist et al.?
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Itis important to reiterate here that Yo=4 refers to the potential
outcome that would be observed if the compliance variable was
set to the value that was observed in the sample. In the actual
dataset, this consists of 2 possible potential outcomes: Y*=! for
those with A = 1, and Y*=° for those with A = 0. We can then
reformulate the right-hand side of the above equation as:

E (YG:A) —F [Ya:O + (Yazl _ Ya:O) AX:l] .

In this equation, note that if A*=? = 1, the expectation on the
right-hand side resolves to Y%=1, whereas if A*=! = 0 it resolves to
Y%=0 Thus, the above equality holds.

More mathematical manipulation

What we have shown is that, under the stable unit treatment
value assumption (SUTVA), exclusion restriction (Assumption 2),
and exchangeability (Assumption 3), we can rewrite the first term
in the numerator of the IV estimator as:

E(Y|X=1=E[Y*0+ (Y*=! - y*=0) A=1],

which means the full numerator of the IV estimator can be
written as:

E [YG:O + (Ya:‘l _ YG:O) AX:l] _E [YG:O + (Yazl _ Ya:O) AX:O] )

At this point, the above equation can be rewritten as the
product of 2 differences. Rearranging, the numerator becomes:

E [(Yazl _ Ya:O )(AX:l _ AX:O)] i

which holds only under the assumptions listed (SUTVA +
Assumptions 2 and 3). This latter equation states that the causal
effect of X on Y (the numerator of the IV estimator) is the product
of the effect of A on Y and X on A. Therefore, dividing by the effect
of X on A gives us the effectof Aon Y.

Performing further manipulation on the product of these 2
effects provides additional insights on what the IV estimator
quantifies. Consider that for a binary A the difference in potential
outcomes (A*! — A*0) can only result in 3 possible values:
{1,0, —1}. Again, Assumption 1 states that A*=! — A*=0 £ 0, which
allows for the following decomposition:

E [(Ya:1 _ YG:O) (AX:1 _ AX:O)]
—F (Yazl _ Ya:o | AX:l _ AX:O — 1) P (Ax:l _ AX:O — 1)
+E (Yazl _ YG:O I AX:l _ AX:O — O) P (AX:1 _ AX:O — _1) )
In effect, this states that product of the effect of A on Y and X
on A (the numerator of the IV estimator) is a weighted average of

the ATE among the compliers (those with A*=? — A*=0 = 1) and the
defiers (those with A*=! — AX=0 = 1),

Monotonicity

Monotonicity (formally, A*=! > A*<%) states that there are no
defiers in the population. If we add this assumption, we can
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remove the defiers from the equation above:

E [(Yazl _ ye=0 )(Ax:l _ AX:O)] —F (Yazl _ ya=0 [ AX=L _ aAx=0 1)

P(A¥! — A0 =1).

Noting that P (A*=! — A*=0 = 1) = E (A*! — A*0), we get:

EXIX=D-EY|X=0)
EAA|X=1)-E@A|X=0)

E [(Ya:‘l _ Ya:O) (AX:l _ AX:O)]
E (Ax:l _ AX:O)

—F (Ya:1 _ Ya:O | AX:'l - AX:O) .

Conclusion

Instrumental variable methods are popular, and often used
because they do not require “no unmeasured confounding”
assumptions. However, other assumptions are required to
interpret IV results as causal effects, including counterfactual
consistency, no interference, and (to interpret the IV estimand as a
complier average causal effect) monotonicity. This has important
implications for common uses, such as mendelian randomization.

IV methods can also be used to quantify effects other than
the CACE.* We have shown how observed data (randomized or
observational) can be connected to causal effects defined using
potential outcomes when IV estimators are used. Precisely under-
standing what these steps imply will enable researchers to better
interpret and understand empirical results when causal effects
are estimated using instrumental variables.
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