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Efficient Generalization and Transportation
Zhenghao Zeng, Edward H. Kennedy, Lisa M. Bodnar and Ashley I. Naimi

Abstract. When estimating causal effects, it is important to assess external
validity, that is, determine how useful a given study is to inform a practical
question for a specific target population. One challenge is that the covariate
distribution in the population underlying a study may be different from that
in the target population. If some covariates are effect modifiers, the average
treatment effect (ATE) may not generalize to the target population. To tackle
this problem, we propose new methods to generalize or transport the ATE
from a source population to a target population, in the case where the source
and target populations have different sets of covariates. When the ATE in the
target population is identified, we propose new doubly robust estimators and
establish their rates of convergence and limiting distributions. Under regular-
ity conditions, the doubly robust estimators provably achieve the efficiency
bound and are locally asymptotic minimax optimal. A sensitivity analysis is
provided when the identification assumptions fail. Simulation studies show
the advantages of the proposed doubly robust estimator over simple plug-in
estimators. Importantly, we also provide minimax lower bounds and higher-
order estimators of the target functionals. The proposed methods are applied
in transporting causal effects of dietary intake on adverse pregnancy out-
comes from an observational study to the whole U.S. pregnant female popu-
lation.

Key words and phrases: Generalization, transportation, influence function,
doubly robust estimation, minimax lower bounds, high-order estimation, di-
etary intake, adverse pregnancy outcomes.

1. INTRODUCTION

In causal inference, researchers typically aim at esti-
mating causal effects in a particular “source” population
based on randomized trials or observational studies in that
population. When the source population is the sole popu-
lation of interest, random samples from the source are rep-
resentative and standard techniques to estimate average
treatment effects (ATEs) can be applied to obtain reliable
estimates of effects in the whole population. However, in
many studies (e.g., randomized trials in clinical medicine,
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policy analysis) samples are drawn from a different popu-
lation, unrepresentative of the target of interest [1, 3, 30].
In other words, the source and target populations can be
different, and the ATE we obtain from the sample only
applies to the source population—and may not generalize
to the target population directly. Failing to consider this
lack of representation may yield unreliable conclusions
that can even be harmful, especially in medicine and pol-
icy evaluations [14].

One example of unrepresentative samples is when the
distributions of some covariates (e.g., age and BMI) in
the target population differ from those in the source pop-
ulation. When some of these covariates are effect modi-
fiers (e.g., age and BMI may modify the effects of some
medicine), the ATE in the target population can be quite
different from that in the source population. There exists
a rich literature in bridging findings from the source pop-
ulation to the target population [11, 13, 16–18, 42, 50].
Most of these papers adopt the idea that we first estimate
the probability for a subject to be in the source popula-
tion and use it as a reweighting term in the proposed es-
timator. For instance, [18] and [17] proposed three types
of estimators based on outcome modeling, inverse prob-
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ability weighting and doubly robust-style augmented in-
verse probability weighting. [42] derived efficient influ-
ence functions and robust estimators for three transported
estimands: ATE, intent-to-treat ATE and complier ATE.
[13] developed a one-step weighting estimator where the
weights are learned from a convex optimization problem
to simultaneously model the inverse propensity score and
outcome regression functions. However, the theoretical
properties of the doubly robust estimators have not been
well understood. The form of their second-order bias and
the conditions required to ensure their asymptotic nor-
mality are unclear. Another limitation is that the previous
work assumes the sets of covariates in the source popu-
lation and the target population are the same. In practice,
there often exist some covariates that are available in the
source, but not in the target. Simply ignoring them is not
an efficient way to exploit the samples. For instance, in-
cluding more covariates in the source may enable us to
be more confident in the conditional exchangeability as-
sumption in the source population.

In this work, we fill these two gaps by developing effi-
ciency theory and establishing theoretical guarantees for
the doubly robust estimators. In particular, we general-
ize previous results to accommodate covariate mismatch
in the source and target populations. After formulating
the generalization and transportation functional of inter-
est, we examine the assumptions required to identify these
functionals. When these functionals are identified, we de-
rive the first-order influence functions and establish the
asymptotic normality of a doubly robust estimator (un-
der additional conditions). Simulations show how the pro-
posed doubly robust estimator has a smaller estimation
error compared to a simple plug-in estimator. To provide
a complete story for generalization and transportation of
causal effects, we then consider the minimax lower bound
and higher-order estimation when the source population
and the target population share the same set of covari-
ates. We derive the minimax lower bound and propose a
new higher-order estimator based on second-order influ-
ence functions, which attains the minimax lower bound
in a broader regime than the doubly robust estimator. To
the best of our knowledge, the minimax lower bound and
high-order estimation have not been studied under gen-
eralization and transportation settings. Finally, we apply
our proposed methods to transporting the causal effects of
fruit and vegetable intake on adverse pregnancy outcomes
from an observational study to the whole U.S. pregnant fe-
male population as an illustration.

The paper is organized as follows. In Section 2, we
introduce the setup and notation. In Section 3, we dis-
cuss the identification assumptions to identify the ATE
in the target population. Efficiency theory and doubly ro-
bust methods are provided in Section 4. We then summa-
rize the minimax lower bounds of the target functionals

in Section 5 and derive higher-order estimators in Sec-
tion 6. Simulation studies are presented in Section 7 to
explore finite-sample properties of our methods. In Sec-
tion 8, we provide a data analysis to illustrate the pro-
posed methods, transporting effects of dietary intake on
pregnancy outcomes. Finally, we conclude with a discus-
sion in Section 9. All the proofs and additional details on
real data analysis are presented in the supplementary ma-
terials [59].

2. PRELIMINARIES

In this section, we first introduce the setup in general-
ization and transportation setting. We then formalize the
treatment effects of interests as statistical functionals with
the potential outcome framework [41, 44]. Finally, we in-
troduce some notation that will be useful in presenting our
results.

2.1 Data Structure

In the generalization and transportation setting, there
are typically two populations, that is, a source population
and a target population. The source population is usually
the underlying population of a randomized trial or obser-
vational study and is defined by enrollment processes and
inclusion or exclusion criteria of the study. We assume we
observe n1 source samples

𝒟1 = {︁
Zi = (Xi ,Ai, Yi, Si = 1),1 ≤ i ≤ n1

}︁
from the source population, where X is a d-dimensional
vector containing all covariates, A is the treament assign-
ment and Y is the outcome. We denote S as an indicator
such that S = 1 if a subject is in the source population and
S = 0 otherwise. We are interested in estimating the ATE
in a target population without direct access to treatment
and outcome information on target samples. The observa-
tional unit in the target population is Z = (V, S = 0) and
the target data set 𝒟2 consists of n2 such realizations, that
is,

𝒟2 = {︁
Zi = (Vi , Si = 0), n1 + 1 ≤ i ≤ n1 + n2 = n

}︁
,

where, importantly, V ⊆ X represents partial covariates in
X, which may be a strict subset. Here, we slightly abuse
the notation and denote both the covariates vector and set
of covariates as V (in the target population) and X (in
the source population). In practice, there may be variables
present in the target population but not in the source popu-
lation. Since the information about the treatment effect in
the source population is captured by X, covariates that are
not included in X may not help us identify and estimate
the ATE in the target population. Therefore, we do not use
these variables to generalize or transport the causal effects
and assume V ⊆ X.
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2.2 Effects of Interest

Before defining our estimands of interest, we first dis-
cuss differences in the target population definition in the
generalization and transportation setting. In the general-
ization setting, the source population is a subset of the
target population. After we collect treatment and outcome
information and estimate the ATE in the source popula-
tion, we hope to generalize the causal effects to the whole
target population. The most natural design is a trial nested
within a cohort of eligible individuals [18]. In such de-
signs, researchers collect covariate information for all in-
dividuals, but only collect treatment and outcome infor-
mation from a subset of them. This setup arises in com-
prehensive cohort studies [35], where only a few patients
consent to randomization in a clinical trial, as well as clin-
ical trials embedded in healthcare systems where all indi-
viduals’ information is collected routinely but only some
of them are included in a trial [20].

In contrast, in the transportation setting, the source pop-
ulation is (at least partly) external to the target popula-
tion [16]. The source population is different from the tar-
get population and source samples may not be represen-
tative of the target population. The goal is to transport
the causal effects from the source population to the tar-
get population. This setup arises widely in public policy
research, where randomized trial or observational study
is conducted in selected samples while the target samples
are from administrative databases or surveys and can be
very different from the samples enrolled in the study (our
data example in Section 8 falls into this category, as will
be discussed in more detail shortly).

Now we define the generalization and transportation ef-
fects of interest. We use the random variable Ya to denote
the potential (counterfactual) outcome we would have ob-
served had a subject received treatment A = a, which may
be contrary to the fact Y . For simplicity, we consider bi-
nary treatment in this work, where A = 1 means treatment
and A = 0 means control. Then the ATE in the target pop-
ulation is

(1) ψ := 𝔼
[︁
Y 1 − Y 0]︁

in the generalization case and

(2) θ := 𝔼
[︁
Y 1 − Y 0|S = 0

]︁
in the transportation case. Note that in the generalization
case the source population is part of the target population,
and hence we take an expectation over the whole popula-
tion. However, in the transportation case the source popu-
lation may not be representative of the target population,
and we only take an expectation in the target population
(i.e., conditioning on S = 0).

Under standard identification assumptions (consistency,
positivity [40] and exchangeability [25]), the ATE in the
source population 𝔼[Y 1 − Y 0|S = 1] can be identified

and efficiently estimated. Mathematically, we do not have
𝔼[Y 1 − Y 0|S = 0] = 𝔼[Y 1 − Y 0|S = 1] = 𝔼[Y 1 − Y 0]
in general, especially when the effect modifiers have dif-
ferent distributions in the source and the target popula-
tion. Hence, we need additional assumptions and novel
methodology to estimate the treatment effect in the target
population. We define the mean potential outcomes in the
target population as

(3) ψa = 𝔼
[︁
Ya]︁

, θa = 𝔼
[︁
Ya|S = 0

]︁
so ψa and θa correspond to the generalization and trans-
portation cases, respectively. In this paper, we will focus
on the identification and estimation of ψa and θa . After
estimating ψa or θa , the ATE in the target population can
be estimated by taking the difference. Other estimands,
such as the risk ratio or odds ratio, can be estimated in a
similar manner.

2.3 Nuisance Functions and Other Notation

To present our results concisely, we need the following
notation on commonly used nuisance functions:

• The propensity score in the source population is
πa(x) = ℙ(A = a|X = x, S = 1). If the source data
set 𝒟1 is from a randomized trial, then πa(x) can be
known. Otherwise, we would need to estimate it from
𝒟1.

• The conditional probability of being selected into the
source population (commonly referred to as the partic-
ipation probability) is ρ(v) = ℙ(S = 1|V = v).

• The conditional mean and variance of the outcomes
among subjects receiving treatment A = a in the source
population are μa(x) = 𝔼[Y |X = x,A = a,S = 1] and
σ 2

a (x) = Var(Y |X = x,A = a,S = 1).
• The function obtained by further regressing μa on V

in the source population, τa(v) = 𝔼[μa(X)|V = v, S =
1].
For a univariate function f on variables Z, we use

ℙn[f (Z)] or ℙn[f ] to denote the sample average over n

samples 1
n

∑︁n
i=1 f (Zi ). For a bivariate function g, we use

𝕌n[g(Z1,Z2)] or 𝕌n(g) to denote the U-statistic measure
1

n(n−1)

∑︁
i≠j g(Zi ,Zj ). The Hellinger distance H 2(ℙ,ℚ)

between two distributions ℙ and ℚ is defined as

H 2(ℙ,ℚ) = 1

2

∫︂ [︃√︂
p(x) −

√︂
q(x)

]︃2
ν(dx)

for a dominating measure ν. We say a function f is s-
smooth if it is ⌊s⌋ times continuously differentiable with
derivatives up to order ⌊s⌋ bounded by some constant C >

0 and ⌊s⌋-order derivatives Hölder continuous, that is,⃓⃓
Dβf (x) − Dβf

(︁
x′)︁⃓⃓ ≤ C

⃦⃦
x − x′⃦⃦s−⌊s⌋

2

for all β = (β1, . . . , βd) with
∑︁

i βi = ⌊s⌋, where Dβ =
∂β

∂x
β1
1 ...∂x

βd
d

is the differential operator. Hölder class, de-

noted by ℋ(s), is the function class containing all s-
smooth functions.
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We denote the weighted L2 norm with weight function

w as ∥f ∥w =
√︂∫︁

f (z)2w(z) dℙ(z) and when the weight
function w = 1 we abbreviate the notation as ∥f ∥. In this
paper, we mainly use w = ρπa as a weight function. For a
matrix 𝛀, we let ∥𝛀∥ and ∥𝛀∥F denote its spectral norm
and Frobenius norm, respectively. We write an ≲ bn if
an ≤ Cbn for a positive constant C and sufficiently large
n.

3. IDENTIFICATION

In this section, we discuss sufficient conditions to iden-
tify functionals in (3) from the observable data. These as-
sumptions are generalizations of the identification condi-
tions used in [18] and [17] to the case V ⊆ X. (Note in
Section 3.1 we consider sensitivity analysis and allow sev-
eral of the following assumptions to be violated.)

ASSUMPTION 3.1. Consistency: Y = Ya if A = a.

ASSUMPTION 3.2. No unmeasured confounding in
source: (Y 0, Y 1) ⊥⊥ A|X, S = 1.

ASSUMPTION 3.3. Treatment positivity in source:
πa(X) > 0 ℙ(·|S = 1) a.s. for all a.

Assumption 3.1 is also known as stable unit treatment
value assumption (SUTVA) and requires no interference
between different subjects, that is, the outcome for an in-
dividual is not affected by other individuals’ treatments.
Assumption 3.2 is a standard assumption used to iden-
tify average treatment effects. It holds if the source data
set comes from a randomized trial or if we collect enough
covariates in X so that the treatment process is completely
explained by X. Assumption 3.3, also known as the over-
lap assumption, has been used in causal inference since
[40]. It guarantees that every subject in the source popula-
tion has a positive probability of receiving each treatment
a. With these three assumptions, we are able to identify
the average treatment effect in the source population. But
we need additional assumptions for generalization and
transportation.

ASSUMPTION 3.4. Exchangeability between popula-
tions: S ⊥⊥ Ya|V.

ASSUMPTION 3.5. Positivity of selection: ρ(V) >

0 a.s.

Assumption 3.4 is critical to generalizing/transporting
the effects from the source population to the target popu-
lation [17, 18, 31]. Under Assumption 3.4, we have

𝔼
[︁
Ya|V, S = 1

]︁ = 𝔼
[︁
Ya|V]︁ = 𝔼

[︁
Ya|V, S = 0

]︁
,

which further implies

(4) 𝔼
[︁
Y 1 − Y 0|V, S = 1

]︁ = 𝔼
[︁
Y 1 − Y 0|V, S = 0

]︁
.

Hence, the source population and the target population
have the same conditional average treatment effect. We

essentially just need (4) to identify the ATE in the target
population. To state our results concisely, we formalize
the assumption in terms of potential outcome Ya instead
of the contrast Y 1 − Y 0. For equality (4) to hold, all ef-
fect modifiers that are distributed differently between the
source and the target populations must be measured in V.
In practice, researchers can first identify effect modifiers
from variables shared by both the source and target pop-
ulations and include them in V. They can then identify
additional covariates in the source population that explain
the treatment assignment and include them in X, ensuring
that Assumption 3.2 is satisfied. Assumption 3.5 requires
that in each stratum of effect modifiers V, there is a posi-
tive probability of being in the source population for every
individual. Thus all members in the target population are
represented by some individuals in the source population.

THEOREM 3.6. Under identification Assump-
tions 3.1–3.5, the estimands ψa and θa are identified as

(5)

ψa = 𝔼
{︁
𝔼

[︁
𝔼(Y |X,A = a,S = 1)|V, S = 1

]︁}︁
= 𝔼

{︁
𝔼

[︁
μa(X)|V, S = 1

]︁}︁ = 𝔼
[︁
τa(V)

]︁
,

θa = 𝔼
{︁
𝔼

[︁
𝔼(Y |X,A = a,S = 1)|V, S = 1

]︁|S = 0
}︁

= 𝔼
{︁
𝔼

[︁
μa(X)|V, S = 1

]︁|S = 0
}︁

= 𝔼
[︁
τa(V)|S = 0

]︁
.

We can understand the above functionals by evaluating
the three iterative expectations. First, we regress the out-
come Y on X among subjects receiving treatment A = a

in the source population and obtain μa(x), which contains
information on the conditional treatment effect. Then we
further regress μa on effect modifiers V in the source
population to obtain τa(V), which summarizes the con-
ditional treatment effects within the subset of covariates
V. Finally we take the mean of τa in the target population
and obtain the target functional. The validity of the last
step is guaranteed by Assumption 3.4, which implies the
information on treatment effects contained in τa general-
izes to the whole population. The proof of identifiability
is provided in the Appendix.

Note that the mean potential outcome in the source pop-
ulation can be written as

𝔼
[︁
Ya|S = 1

]︁ = 𝔼
[︁
τa(V)|S = 1

]︁
.

It differs from the target functional only in the last step,
where we average over τa in the target population in-
stead of in the source population. When the distributions
of effect modifiers V in the source population and the
target populations are different, we have 𝔼[τa(V)|S =
1] ≠ 𝔼[τa(V)|S = 0], and thus the treatment effect in the
source population may not generalize to the target popu-
lation directly.

In applications, one needs to carefully assess the five
assumptions above. In general, these assumptions are
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untestable and their plausibility needs to be evaluated
from substantive knowledge on the mechanism of treat-
ment assignment and study participation. If some assump-
tions are likely to be violated, researchers should perform
sensitivity analysis to assess the robustness of their re-
sults. We discuss one way of performing sensitivity anal-
ysis in the following section.

3.1 Sensitivity Analysis

When the identification assumptions do not hold simul-
taneously, it is not guaranteed that identification results
(5) hold and we cannot identify the target functionals from
the observed data. But we can still derive bounds on them
under other assumptions (e.g., we may relax conditions
required to identify the target functionals [33] or construct
bounds via available instrumental variable [2, 32]). In this
section, we relax exchangeability and transportability as-
sumptions to derive bounds that provide us with a range
of plausible values for the ATE and can be useful in some
applications.

ASSUMPTION 3.7. Relaxation of Assumption 3.2:
There exists a positive constant δ1 such that⃓⃓
𝔼

[︁
Ya|X,A = 1, S = 1

]︁ −𝔼
[︁
Ya|X,A = 0, S = 1

]︁⃓⃓ ≤ δ1

a.s. for all a.

ASSUMPTION 3.8. Relaxation of Assumption 3.4:
There exists a positive constant δ2 such that⃓⃓
𝔼

[︁
Ya|V, S = 0

]︁ −𝔼
[︁
Ya|V, S = 1

]︁⃓⃓ ≤ δ2 a.s. for all a.

We note that when Assumption 3.2 and Assumption 3.4
hold, we have δ1 = δ2 = 0. Hence, Assumption 3.7 and
Assumption 3.8 are indeed relaxations of Assumption 3.2
and Assumption 3.4. In practice, the value δ1 and δ2 may
come from the domain knowledge of the problem of in-
terests. The following theorem characterizes the bounds
on the ATE in the target population when the treatment is
binary.

THEOREM 3.9. Under Assumption 3.1, 3.3, 3.5, 3.7
and 3.8, we have

ψa ∈ [︁
𝔼

{︁
τa(V)

}︁ − δ2ℙ(S = 0)

− δ1𝔼
{︁
ℙ(A = 1 − a|V, S = 1)

}︁
,𝔼

{︁
τa(V)

}︁
+ δ2ℙ(S = 0) + δ1𝔼

{︁
ℙ(A = 1 − a|V, S = 1)

}︁]︁
,

θa ∈ [︁
𝔼

{︁
τa(V)|S = 0

}︁ − δ2

− δ1𝔼
{︁
ℙ(A = 1 − a|V, S = 1)|S = 0

}︁
,

𝔼
{︁
τa(V)|S = 0

}︁
+ δ2 + δ1𝔼

{︁
ℙ(A = 1 − a|V, S = 1)|S = 0

}︁]︁
.

Hence, the ATE in the generalization functional ψ1 − ψ0
is in the interval[︁

𝔼
{︁
τ1(V) − τ0(V)

}︁ − δ1 − 2δ2ℙ(S = 0),

𝔼
{︁
τ1(V) − τ0(V)

}︁ + δ1 + 2δ2ℙ(S = 0)
]︁
.

The ATE in the transportation functional θ1 − θ0 is in the
interval [︁

𝔼
{︁
τ1(V) − τ0(V)|S = 0

}︁ − δ1 − 2δ2,

𝔼
{︁
τ1(V) − τ0(V)|S = 0

}︁ + δ1 + 2δ2
]︁
.

Since the efficiency theory in Section 4.2 holds for
𝔼[τa(V)] and [𝔼[τa(V)|S = 0], one can use the doubly
robust estimator to estimate them efficiently. When the
specific values of δ1 and δ2 are available, one can di-
rectly construct the bounds in Theorem 3.9. If exact do-
main knowledge on the precise value of δ1 and δ2 is
unavailable, we can estimate the bounds as a function
of (δ1, δ2) and, for example, obtain which values of δ1
and δ2 substantially change results (e.g., flip the sign of
the treatment effects). For instance, when we are con-
fident about Assumption 3.2 (e.g., the source data set
comes from a randomized experiment), we can set δ1 = 0.
Then the value for δ2 changes the sign of the effect is
|𝔼[τ1(V)− τ0(V)|S = 0]|/2. This value can reflect the ro-
bustness of our results when the identification assump-
tions do not necessarily hold.

4. EFFICIENCY THEORY AND DOUBLY ROBUST
ESTIMATION

In this section, we develop the nonparametric theory for
estimation of the ATE in the target population. Namely,
we first derive the efficient influence function, together
with the nonparametric efficiency bound. The nonpara-
metric efficiency bound provides a benchmark for effi-
cient estimation in a nonparametric model, indicating the
best possible performance in a local asymptotic minimax
sense [55]. Next, we propose a doubly robust estimator
of ψa and θa based on the influence function, which is
shown to be asymptotically normal and attain the effi-
ciency bound under additional mild conditions.

4.1 Efficient Influence Function and Efficiency Bound

We first introduce the problem faced by the plug-in es-
timator and motivate the study of efficient influence func-
tions. Denote the plug-in estimators of nuisance functions
(μa, τa,πa, ρ) as (μ̂a, τ̂a, π̂ , ρ̂). Based on the identifica-
tion result for ψa after equation (5), a plug-in estimator of
ψa is then given by

ψ̂a = ℙn(τ̂a) = 1

n

n∑︂
i=1

τ̂a(Vi).

This plug-in estimator would be
√

n-consistent if we
used correct parametric models to estimate the nuisance
function τa . However, there is generally not sufficient
background knowledge to ensure correct specification of
such parametric models; thus analysts often use flexible
nonparametric methods to avoid model misspecification.
However, under such circumstances, the conditional bias
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of the plug-in estimator is of order ∥τ̂a − τa∥, which is
typically slower than the

√
n-rate, perhaps much slower

when the nuisance functions are complex and the number
of covariates is large. Hence, the plug-in estimator gen-
erally suffers from slow convergence rates and a lack of
tractable limiting distributions. These drawbacks make it
difficult to estimate ψa accurately and perform statistical
inference with plug-in estimators.

To address these difficulties, one can derive the effi-
cient influence functions of the target functionals. The ef-
ficient influence function is critical in nonparametric effi-
ciency theory [5, 26, 51, 54, 55]. Mathematically, the in-
fluence function is the derivative in a von Mises expansion
(i.e., distributional Taylor expansion) of the target statisti-
cal functional. In the discrete case, it coincides with the
Gateaux derivative of the functional when the contam-
ination distribution is a point-mass. Influence functions
are important in the following respects. First, the variance
of the influence function is equal to the efficiency bound
of the target statistical functional, which characterizes the
inherent estimation difficulty of the target functional and
provides a benchmark to compare against when we con-
struct estimators. Moreover, it allows us to correct for
first-order bias in the plug-in estimator and obtain doubly
robust-style estimators, which enjoy appealing statistical
properties even if nonparametric methods with relatively
slow rates are used in nuisance estimation.

In the following discussions, we will first present the ef-
ficient influence function of ψa and θa . We then derive the
doubly robust estimator and establish its

√
n-consistency

and asymptotic normality under appropriate conditions.
The efficient influence functions and efficiency bounds
are summarized in the following results.

LEMMA 4.1. Under an unrestricted nonparametric
model, the efficient influence function of ψa is given by

ϕge
a (Z) = I (A = a,S = 1)(Y − μa(X))

ρ(V)πa(X)

+ I (S = 1)(μa(X) − τa(V))

ρ(V)
+ τa(V) − ψa

and the efficient influence function of θa is given by

ϕtr
a (Z) = 1

ℙ(S = 0)

{︃
I (S = 0)

[︁
τa(V) − θa

]︁
+ I (S = 1)(1 − ρ(V))(μa(X) − τa(V))

ρ(V)

+ I (A = a,S = 1)(1 − ρ(V))(Y − μa(X))

ρ(V)πa(X)

}︃
.

THEOREM 4.2. The nonparametric efficiency bound
of ψa is

σ 2
a,ge = 𝔼

[︃
ℙ(S = 1|X)Var(Y |X,A = a,S = 1)

ρ2(V)πa(X)

]︃

+𝔼

[︃
Var(μa(X)|V, S = 1)

ρ(V)

]︃
+ Var

(︁
τa(V)

)︁

and the nonparametric efficiency bound of θa is

σ 2
a,tr = 1

ℙ2(S = 0)

{︃
ℙ(S = 0)Var

(︁
τa(V)|S = 0

)︁
+𝔼

[︃
ℙ(S = 1|X)(1 − ρ(V))2 Var(Y |X,A = a,S = 1)

ρ2(V)πa(X)

]︃

+𝔼

[︃
(1 − ρ(V))2 Var(μa(X)|V, S = 1)

ρ(V)

]︃}︃
.

The efficiency bounds in Theorem 4.2 show how par-
ticular nuisance quantities determine the estimation diffi-
culty of our target functionals. Specifically, the efficiency
bounds of ψa and θa both depend on:

• The inverse propensity score 1/πa(X) measuring how
likely an individual will receive treatment A = a.

• The conditional variance σ 2
a (x) = Var(Y |X = x,A =

a,S = 1), which measures how much variation of Y

can be explained by X for subjects receiving treatment
a in the source population.

• The conditional variance Var(μa(X)|V = v, S = 1),
which measures how much variation of μa(X) can be
explained by V for subjects in the source population.

• The variance of τa(V) in the target population, that is,
Var(τa(V)) in the generalization case and Var(τa(V)|
S = 0) in the transportation case.

There are also some differences in the efficiency bounds
of the two functionals. First, the efficiency bound in the
transportation case depends on the probability of being
in the target population ℙ(S = 0) explicitly. Moreover,
the first term in the efficiency bound σ 2

a,ge depends on

ρ(V) via its reciprocal while the first term in σ 2
a,tr de-

pends on the inverse odds of being in the source popula-
tion (1 −ρ(V))/ρ(V). This implies the inverse odds ratio
(1 − ρ(V))/ρ(V) may be a more fundamental quantity
than 1/ρ(V) in transportation problems, and we will see
this phenomenon in Section 6 as well. In addition to pa-
rameterizing the inverse odds of being in the source pop-
ulation through ρ, one can also express it as

1 − ρ(V)

ρ(V)
= ℙ(S = 0)ℙ(V|S = 0)

ℙ(S = 1)ℙ(V|S = 1)

and parameterize the density ratio ℙ(V|S = 0)/ℙ(V|S =
1). Then in the estimation step, the inverse odds ratio can
be obtained by directly estimating the density ratio [36,
47].

The efficient influence functions in Theorem 4.2 gener-
alize those of [17, 18] to the setting where there can be a
mismatch between the covariates V in the target popula-
tion, and the covariates X in the source population. To be
concrete, in the special case V = X the efficient influence
functions of ψa and θa are

ϕge
a (Z) = I (A = a,S = 1)(Y − μa(X))

ρ(X)πa(X)
+ μa(X) − ψa,



EFFICIENT GENERALIZATION AND TRANSPORTATION 501

ϕtr
a (Z) = 1

ℙ(S = 0)

{︃
I (S = 0)

(︁
μa(X) − θa

)︁
+ I (A = a,S = 1)(1 − ρ(X))(Y − μa(X))

ρ(X)πa(X)

}︃
and the corresponding efficiency bounds are

σ 2
a,ge = 𝔼

[︃
Var(Y |X,A = a,S = 1)

ρ(X)πa(X)

]︃
+ Var

(︁
μa(X)

)︁
,

σ 2
a,tr = 1

ℙ2(S = 0)

{︃
ℙ(S = 0)Var

(︁
μa(X)|S = 0

)︁
+𝔼

[︃
(1 − ρ(X))2 Var(Y |X,A = a,S = 1)

ρ(X)πa(X)

]︃}︃
.

These results can be derived separately starting from
the functional ψa = 𝔼[𝔼(Y |X,A = a,S = 1)] and θa =
𝔼[𝔼(Y |X,A = a,S = 1)|S = 0]. Alternatively, one can
set V = X in Lemma 4.1 and Theorem 4.2 to obtain the
results by noting the second terms vanish in each formula
due to μa(X) = τa(V) and Var(μa(X)|X, S = 1) = 0.
From this perspective, the second terms in the general
case V ⊂ X come from an extra step where we regress
the conditional mean μa(X) on possible effect modifiers
V.

As we mentioned above, the efficiency bound charac-
terizes the fundamental statistical difficulty of estimating
the target functionals, and acts as a nonparametric analog
of the Cramer–Rao bound. Specifically, no estimator can
have smaller mean square error than the efficiency bound
in a local asymptotic minimax sense, as summarized in
the following Corollary 4.3.

COROLLARY 4.3. For any estimators ψ̂a and θ̂a , we
have

inf
δ>0

lim inf
n→∞ sup

ℚ:TV(ℙ,ℚ)<δ

n𝔼ℚ

[︁{︁
ψ̂a − ψa(ℚ)

}︁2]︁ ≥ σ 2
a,ge(ℙ),

inf
δ>0

lim inf
n→∞ sup

ℚ:TV(ℙ,ℚ)<δ

n𝔼ℚ

[︁{︁
θ̂a − θa(ℚ)

}︁2]︁ ≥ σ 2
a,tr(ℙ),

where TV(ℙ,ℚ) is the total variation distance between ℙ

and ℚ and σ 2
a,ge(ℙ) and σ 2

a,tr(ℙ) are the nonparametric
efficiency bounds in Theorem 4.2 evaluated at ℙ.

We have characterized the efficiency bounds with ef-
ficient influence functions, which implies that (without
further assumptions) the asymptotic local minimax mean
squared error of any estimator scaled by a factor of n can-
not be smaller than these bounds [55]. The next step is to
correct for the first-order bias of plug-in-style estimators
by instead deriving doubly robust estimators, as detailed
in the following subsection.

4.2 Doubly Robust Estimation

After deriving the influence functions, we can correct
for the first-order bias of the plug-in estimator via the fol-

lowing doubly robust estimators:

ψ̂dr
a = ℙn

{︃
I (A = a,S = 1)(Y − μ̂a(X))

ρ̂(V)π̂a(X)
(6)

+ I (S = 1)(μ̂a(X) − τ̂a(V))

ρ̂(V)
+ τ̂a(V)

}︃
,

θ̂dr
a = 1ˆ︁ℙ(S = 0)

ℙn

{︃
I (S = 0)τ̂a(V)

+ I (A = a,S = 1)(1 − ρ̂(V))(Y − μ̂a(X))

ρ̂(V)π̂a(X)
(7)

+ I (S = 1)(1 − ρ̂(V))(μ̂a(X) − τ̂a(V))

ρ̂(V)

}︃
.

The doubly robust estimators combine simple plug-in-
style estimators with inverse-probability-weighted esti-
mators to correct for the first-order bias. For instance, in
the doubly robust estimator ψ̂dr

a the last term ℙn[τ̂a(V)]
is the outcome regression-based plug-in estimator and the
first two terms are centered inverse-probability-weighted
terms motivating from the influence function in
Lemma 4.1. Compared with the well-known doubly ro-
bust estimator for the ATE

ℙn

{︃
I (A = a)(Y − μ̂a(X))

π̂a(X)
+ μ̂a(X)

}︃
,

in the generalization and transportation setting the partic-
ipation probability also needs to be modeled and incorpo-
rated into the reweighting terms. Moreover, an extra term
appears in (6) and (7) due to further regressing μa(X) on
V, as similarly discussed in Section 4.1.

For simplicity, we define the uncentered influence func-
tion terms in the brackets above as

φge
a (Z) = I (A = a,S = 1)(Y − μa(X))

ρ(V)πa(X)

+ I (S = 1)(μa(X) − τa(V))

ρ(V)
+ τa(V),

φtr
a (Z) = I (A = a,S = 1)(1 − ρ(V))(Y − μa(X))

ρ(V)πa(X)

+ I (S = 1)(1 − ρ(V))(μa(X) − τa(V))

ρ(V)

+ I (S = 0)τa(V).

The following theorems characterize the properties of
these new doubly robust estimators.

THEOREM 4.4 (Doubly robust estimation of gener-
alization functional). Suppose the nuisance functions
(μ̂a, τ̂a, π̂a, ρ̂) are estimated from a separate indepen-
dent sample. Further assume our estimates satisfy ∥φ̂ge

a −
φ

ge
a ∥2 = oℙ(1), and ρ̂(V), π̂a(X) ≥ ϵ > 0 for some posi-

tive constant ϵ. Then we have

ψ̂dr
a − ψa = ℙn

(︁
ϕge

a

)︁ + Oℙ

(︁∥μ̂a − μa∥∥π̂a − πa∥
+ ∥ρ̂ − ρ∥∥τ̂a − τa∥)︁ + oℙ(1/

√
n).
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If the nuisance estimators further satisfy the following
convergence rate:

∥μ̂a − μa∥∥π̂a − πa∥ = oℙ(1/
√

n),

∥ρ̂ − ρ∥∥τ̂a − τa∥ = oℙ(1/
√

n),

then ψ̂dr
a is

√
n-consistent and asymptotically normal,

with asymptotic variance equal to the nonparametric ef-
ficiency bound σ 2

a,ge of Theorem 4.2, and so also locally
asymptotic minimax optimal in the sense of Corollary 4.3.

THEOREM 4.5 (Doubly robust estimation of transporta-
tion functional). Suppose the nuisance functions μ̂a , τ̂a ,
π̂a , ρ̂ are estimated from a separate independent sam-
ple. Further assume our estimates satisfy ∥φ̂tr

a − φtr
a ∥2 =

oℙ(1), ℙ(S = 0) > 0, ρ̂(V), π̂a(X) ≥ ϵ > 0 for some pos-
itive constant ϵ. Then we have

θ̂dr
a − θa = ℙn

(︁
ϕtr

a

)︁ + Oℙ

(︁∥μ̂a − μa∥∥π̂a − πa∥
+ ∥ρ̂ − ρ∥∥τ̂a − τa∥)︁ + oℙ(1/

√
n).

If the nuisance estimators further satisfy the following
convergence rate:

∥μ̂a − μa∥∥π̂a − πa∥ = oℙ(1/
√

n),

∥ρ̂ − ρ∥∥τ̂a − τa∥ = oℙ(1/
√

n),

then θ̂dr
a is

√
n-consistent and asymptotically normal, with

asymptotic variance equal to the nonparametric efficiency
bound σ 2

a,tr of Theorem 4.2, and so also locally asymptotic
minimax optimal in the sense of Corollary 4.3.

REMARK 1. For simplicity, we assume all the nui-
sance estimators are constructed from a separate indepen-
dent sample with the same size n as the estimation sample
over which ℙn takes an average. Using the same sample to
both estimate the nuisance functions and average the (un-
centered) influence functions may also yield similar re-
sults by further assuming empirical process assumptions
to avoid overfitting. For instance, one can assume the nui-
sance functions and their estimates belong to a Donsker
class and arrive at similar estimation guarantees. How-
ever, such assumptions are hard to verify in practice and
sample splitting enables us to get rid of them: one can
randomly split the data in folds and use different folds to
estimate the nuisance functions and average the influence
functions. To recover full sample size efficiency, one can
swap the folds, repeat the same procedures and finally av-
erage the results, known as cross-fitting and commonly
used in the literature [6, 15, 28, 37, 61]. In this paper,
all the results are based on a single split procedure, with
the understanding that extending to procedures based on
cross-fitting is straightforward.

We note that in Theorems 4.4 and 4.5 we do not re-
quire that each individual nuisance function converges
at

√
n-rate as might be required in the plug-in estimator

case. The condition is instead on the product of conver-
gence rates, that is, ∥μ̂a − μa∥∥π̂a − πa∥ = oℙ(1/

√
n)

and ∥τ̂a − τa∥∥ρ̂ − ρ∥ = oℙ(1/
√

n). This shows the key
property of doubly robust estimators: after we correct for
the first-order bias, the error only involves second-order
products, and hence is “doubly small.” In applications,
such conditions on the convergence rate are much eas-
ier to satisfy. Estimators like ours that have errors in-
volving multiple nuisance functions are sometimes re-
ferred to as multiply robust estimators [49], since there
are multiple ways in which the error term is oℙ(1/

√
n).

For instance, (1) quarter rate ∥μ̂a − μa∥ = oℙ(n
−1/4) and

∥π̂a − πa∥ = Oℙ(n
−1/4) or (2) ∥μ̂a − μa∥ = oℙ(1) and

∥π̂a − πa∥ = Oℙ(n
−1/2) (e.g., we know exactly the para-

metric model for propensity score) both satisfy the con-
dition; further, n−1/4-style rates can be attained under ap-
propriate smoothness, sparsity or other structural assump-
tions. So, we may apply flexible nonparametric methods
(e.g., random forests) or high-dimensional models (e.g.,
Lasso regression) to estimate the nuisance functions and
still maintain the

√
n-consistency and asymptotic normal-

ity of our effect estimator; this is the main advantage of
doubly robust estimators over plug-ins. In the special case
V = X (i.e., the source and the target population share
the same sets of covariates), conditions in Theorems 4.4
and Theorem 4.5 are reduced to ∥μ̂a − μa∥∥π̂a − πa∥ =
oℙ(1/

√
n) and ∥μ̂a − μa∥∥ρ̂ − ρ∥ = oℙ(1/

√
n). Com-

pared with the ATE case where we only require ∥μ̂a −
μa∥∥π̂a − πa∥ = oℙ(1/

√
n), extra conditions on the con-

vergence rates of modeling participation probability is
needed in the generalization and transportation problem.

We conclude this section with additional comments on
estimating τa(V). In practice, a simple plug-in approach is
to first estimate μa(X) for each data point and then further
regress μ̂a on partial covariates V in the source data set,
known as regression with estimated or imputed outcomes
[21, 27]. However, the estimation error of τa is closely
tied to that of μa . When μ̂a suffers from a slow conver-
gence rate, τ̂a may inherit this slow rate as well. Faster
convergence rates of estimating τa(V) can be achieved by
adopting the stability framework in [27] or orthogonal sta-
tistical learning framework in [21]. For example, instead
of directly regressing μ̂a(X) on V, one can estimate μa

and πa , and construct a pseudo-outcome

ĝ(Z) = I (A = a)(Y − μ̂a(X))

π̂a(X)
+ μ̂a(X)

for each data point in the source data set. Similar to how
doubly robust estimators reduce bias in estimating the
ATE, regressing ĝ(Z) on V yields an estimator of τa with
an error rate depending on the product of the estimation
rates for μ̂a and π̂a (under appropriate conditions from
[27]). This estimator offers a faster convergence rate than
naive plug-in approaches and can achieve the oracle esti-
mation rate for τa in a broader regime. For further details,
we refer readers to [27].
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5. MINIMAX LOWER BOUNDS

In Section 4, we established local asymptotic minimax
optimality of doubly robust estimators (under certain con-
ditions). In this section, we will examine the minimax
lower bounds from a global perspective, that is, the min-
imax rate over suitable model classes, more generally
when parametric

√
n-rates are not attainable. The mini-

max rate (in terms of mean-squared-error) of a statistical
functional θ = θ(ℙ) over model class 𝒫 is defined as

inf
θ̂

sup
ℙ∈𝒫

(︁
𝔼ℙ

(︁
θ̂ − θ(ℙ)

)︁2)︁
,

where the infimum ranges over all possible estimators.
It provides an important benchmark to compare against
in constructing estimators. If one estimator has estima-
tion error guarantees matching the minimax rate, then
one may stop searching for estimators that can achieve
a smaller estimation error and conclude the estimator is
optimal in terms of worst-case rates. If the minimax rate
is not achieved, one may study alternative estimators with
smaller statistical error or study sharper bounds for the
problem. In this section, we derive the fundamental min-
imax lower bounds in estimating ATE in the target popu-
lation under the special case V = X (so the source popu-
lation and target population share the same set of covari-
ates). We introduce the ideas and techniques that are use-
ful in deriving minimax rates in Appendix A. The min-
imax lower bounds for estimating the ATE in the target
population, derived using these techniques, are presented
in the remainder of this section.

5.1 Minimax Lower Bounds in Generalization and
Transportation

In the generalization and transportation setting, we con-
sider the target functionals in the case V = X. When the
identification assumptions hold, we can identify the ef-
fects as

(8)

ψa = 𝔼
[︁
Ya]︁ = 𝔼

{︁
𝔼[Y |X, S = 1,A = a]}︁,

θa = 𝔼
[︁
Ya|S = 0

]︁
= 𝔼

{︁
𝔼[Y |X, S = 1,A = a]|S = 0

}︁
.

We restrict the range of covariates X as [0,1]d in this sec-
tion. Consider the following model class for the general-
ization and transportation functionals, respectively:

𝒫ge =
{︃
(f,ρ,πa,μa) : 1

ρπa

is α-smooth,

μa is β-smooth,

fρπa = 1/2, ρπa and μa are bounded away from

0 and 1
}︃
,

𝒫tr =
{︃
(f,ρ,πa,μa) : 1 − ρ

ρπa

is α-smooth,

μa is β-smooth,

fρπa = 1/2, ρπa and μa are bounded away

from 0 and 1
}︃
.

Here, f is the density of covariates X. We note that the se-
lection/treatment probability ρπa is jointly parameterized
in the model class 𝒫ge. In other words, one can intuitively
view I (S = 1,A = a) (i.e., both selected in the source
population and receive treatment a) as a new treatment.
The probability of getting treated under this “compound”
treatment is exactly ρπa . One minor difference between
𝒫ge and 𝒫tr is that in 𝒫ge we impose smoothness condi-
tions on 1/ρπa while in 𝒫tr the smoothness condition is
imposed on (1−ρ)/ρπa . As pointed out in the discussion
on efficiency bounds in Section 4.1 and quadratic estima-
tion in Section 6, the inverse odds ratio (1 − ρ)/ρ turns
out to be a more fundamental quantity in transportation
problems. To be consistent with these results, we also im-
pose a smoothness condition on the inverse odds ratio in
deriving the minimax rate.

The following theorem characterizes the minimax lower
bounds in estimating generalization and transportation
functionals. The strategy to construct two distribution
classes ℙ𝝀 and ℚ𝝀 is similar to the techniques in prov-
ing the minimax rate for ATE, as in [39].

THEOREM 5.1. Let s = (α + β)/2 denote the average
smoothness of the nuisance functions. The minimax rate
of generalization functional ψa over 𝒫ge is lower bounded
by

inf
ψ̂a

sup
ℙ∈𝒫ge

(︁
𝔼ℙ(ψ̂a − ψa)

2)︁1/2

≳
{︄
n−1/(1+d/4s) if s < d/4,

n−1/2 otherwise.

The minimax rate of transportation functional θa over 𝒫tr
is lower bounded by

inf
θ̂a

sup
ℙ∈𝒫tr

(︁
𝔼ℙ(θ̂a − θa)

2)︁1/2 ≳
{︄
n−1/(1+d/4s) if s < d/4,

n−1/2 otherwise.

Although the minimax lower bounds above are the
same as those for the ATE, we believe these results are
not trivial, and presenting them helps us gain a more com-
plete and comprehensive insight into generalization and
transportation functionals. Following the efficiency the-
ory for the ATE, the doubly robust estimator of ψa and
θa may achieve the minimax rate under some regimes.
For instance, under the conditions in Theorem 4.4 and
assuming ∥π̂aρ̂ − πρ∥∥μ̂a − μa∥ = oℙ(1/

√
n), the dou-

bly robust estimator is
√

n-consistent and attains the mini-
max rate (this corresponds to the smooth regime s ≥ d/4).
However, in the less smooth regime s < d/4, even if we
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can estimate ρπa at a minimax rate (i.e., ∥π̂aρ̂ − πρ∥ =
Oℙ(n

− α
2α+d ) and ∥μ̂a − μa∥ = Oℙ(n

− β
2β+d )), the neces-

sary condition for the doubly robust estimator to achieve
the rate n−(2α+2β)/(2α+2β+d) is

α

2α + d
+ β

2β + d
≥ 2α + 2β

2α + 2β + d
,

which can be a restrictive condition and motivates us to
improve the doubly robust estimator. The main poten-
tial drawback of the doubly robust estimator is that we
only correct for the first-order bias of the plug-in esti-
mator. In the following section, we propose a higher-
order/quadratic estimator based on second-order von
Mises expansion [38], which also takes second-order bias
into consideration and achieves the minimax lower bound
in a broader regime.

6. HIGHER-ORDER ESTIMATION

In this section we study a higher-order (quadratic) es-
timator of the functionals of interest. An introduction to
quadratic Von Mises calculus is provided in Appendix B.
We apply the second-order Von Mises expansion to gener-
alization and transportation functionals in the case V = X
and propose quadratic estimators of them in Section 6.1.
The error guarantees of our estimators are then estab-
lished under mild assumptions.

6.1 Quadratic Estimators in Generalization and
Transportation

We now present our higher-order estimator. We first de-
fine some objects that will be useful in presenting the the-
ory of this section. Namely, let

𝛀 =
∫︂

b(x)b(x)⊤ρ(x)πa(x) dF (x),

ˆ︁𝛀 =
∫︂

b(x)b(x)⊤ρ̂(x)π̂a(x) dF̂ (x),

Πb(g)(x) = b(x)⊤𝛀−1
∫︂

b(u)g(u)ρ(u)πa(u) dF (u),

ˆ︁Πb(g)(x) = b(x)⊤ˆ︁𝛀−1
∫︂

b(u)g(u)ρ(u)πa(u) dF (u).

Here, b : ℝd ↦→ ℝk is a k-dimensional basis (k cor-
responds to the dimension of the subspace L in Sec-
tion B). 𝛀 is the Gram matrix of basis b if we de-
fine the inner product between two functions f , g as
⟨f,g⟩ = ∫︁

f (x)g(x)ρ(x)πa(x) dF (x). ˆ︁𝛀 is the estimated
Gram matrix where all nuisance functions are replaced
with their estimators. Πb(g) is the projection of g onto
the linear span of b and ˆ︁Πb(g) is the estimated projection
of g where the gram matrix 𝛀 is replaced with its esti-
mator ˆ︁𝛀. With this notation, the noncentered first-order

and (approximate) second-order influence functions of the
generalization functional are

ϕ
ge
a,1(Z) = I (S = 1,A = a)

ρ(X)πa(X)

(︁
Y − μa(X)

)︁ + μa(X),

ϕ
ge
a,2(Z1,Z2) = −I (S1 = 1,A1 = a)

(︁
Y1 − μa(X1)

)︁
× b(X1)

⊤𝛀−1b(X2)

× I (S2 = 1,A2 = a) − ρ(X2)πa(X2)

ρ(X2)πa(X2)
.

Following the discussions in Section B, a quadratic es-
timator is

ψ̂qr
a = ℙn

[︁
ϕ̂

ge
a,1(Z)

]︁ +𝕌n

[︁
ϕ̂

ge
a,2(Z1,Z2)

]︁
,

where all the nuisance functions and 𝛀 are replaced with
their estimators. Note that the plug-in estimator ψ(ℙ̂) in
the general quadratic estimator (10) cancels the central-
ization term in the centered first-order influence func-
tion ϕ1(Z, ℙ̂). Hence, in ψ̂

qr
a (where ϕ

ge
a,1(Z) is the non-

centered influence function) the plug-in term disappears.
In the following discussions, we first present a general
theorem summarizing the conditional bias and variance
of the quadratic estimator ψ̂

qr
a , without assuming any

conditions on the convergence rates of nuisance estima-
tion. Then we examine the assumptions needed for the
quadratic estimator ψ̂

qr
a to achieve the minimax optimal

rate.

THEOREM 6.1 (Quadratic estimation of generalization
functional). Assume all the nuisance functions μ̂a , ρ̂,
π̂a , F̂ are estimated from a separate training sample Dn.
Further assume that ρ, π , ρ̂, π̂ are all bounded away from
zero, the eigenvalues of 𝛀, ˆ︁𝛀 are bounded away from zero
and infinity. Then the conditional bias and variance of ψ̂

qr
a

(giving the training data to estimate the nuisance func-
tions) are bounded as⃓⃓
𝔼

[︁
ψ̂qr

a

⃓⃓
Dn]︁ − ψa

⃓⃓
≲

⃦⃦⃦⃦
(I − Πb)

(︃
1

ρ̂π̂a

− 1

ρπa

)︃⃦⃦⃦⃦
w

⃦⃦
(I − Πb)(μ̂a − μa)

⃦⃦
w

+
⃦⃦⃦⃦

1

ρ̂π̂a

− 1

ρπa

⃦⃦⃦⃦
w

∥μ̂a − μa∥w

⃦⃦ˆ︁𝛀−1 − 𝛀−1⃦⃦
,

Var
(︁
ψ̂qr

a

⃓⃓
Dn)︁

≲ 1

n
+ k

n2 ,

where the weighted L2 norm of a function g is ∥g∥2
w =∫︁

g2(x)πa(x)ρ(x) dF (x).

The boundedness assumption on the eigenvalues of 𝛀
can be implied by boundedness of ρ, πa and dF

dν
(the den-

sity of F with respect to an underlying measure ν) to-
gether with the assumption that

∫︁
b(x)b(x)⊤ dν(x) is pos-

itive definite. See Proposition 2.1 in [4] and Proposition 8
in [29] for more detailed discussions. From Theorem 6.1,
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we see the conditional bias is mainly composed of two
parts. The first term⃦⃦⃦⃦

(I − Πb)

(︃
1

ρ̂π̂a

− 1

ρπa

)︃⃦⃦⃦⃦
w

⃦⃦
(I − Πb)(μ̂a − μa)

⃦⃦
w

is the approximation error of the projection Πb and cor-
responds to the representational error discussed in Sec-
tion B. The second term⃦⃦⃦⃦

1

ρ̂π̂a

− 1

ρπa

⃦⃦⃦⃦
w

∥μ̂a − μa∥w

⃦⃦ˆ︁𝛀−1 − 𝛀−1⃦⃦
is a third-order error term and corresponds to the remain-
der term R3(ℙ̂,ℙ) discussed in Section B. There is also
an extra term k/n2 in the conditional variance of the pro-
posed higher-order estimator ψ̂

qr
a . Hence, we need to care-

fully select k to balance the representational error, third-
order error term and the extra term in the variance.

Note that we need some approximation guarantees of
the basis b to ensure that the representational error is
small. Concretely, we impose the following uniform ap-
proximation assumption on b.

ASSUMPTION 6.2. For any s > 0 and g ∈ ℋ(s), the
basis b satisfies ⃦⃦

(I − Πb)g
⃦⃦
w ≲ k−s/d .

Assumption 6.2 holds for a wide class of basis func-
tions. For instance, when the function class containing g

is supported on a convex and compact subset of ℝd , the
approximation is valid even with the uniform norm ∥ · ∥∞
when the basis uses spline, CDV wavelet or local polyno-
mial partition series.

Under the conditions in Theorem 6.1, if we assume
1/ρπa,1/ρ̂π̂a ∈ ℋ(α) and μ̂a,μa ∈ ℋ(β), by the ap-
proximation property of the basis b, we have⃦⃦⃦⃦

(I − Πb)

(︃
1

ρ̂π̂a

− 1

ρπa

)︃⃦⃦⃦⃦
w

≲ k−α/d,⃦⃦
(I − Πb)(μ̂a − μa)

⃦⃦
w ≲ k−β/d .

In the less smooth regime s = (α + β)/2 < d/4, set
k ∼ n2d/(d+2α+2β) to balance the representational error
and variance. Further assume⃦⃦⃦⃦

1

ρ̂π̂a

− 1

ρπa

⃦⃦⃦⃦
w

∥μ̂a − μa∥w

⃦⃦ˆ︁𝛀−1 − 𝛀−1⃦⃦
≲ n−(2α+2β)/(2α+2β+d).

Then we see that this estimator can achieve the minimax
lower bound. In the smooth regime s = (α + β)/2 ≥ d/4,
we can set k similarly and assume⃦⃦⃦⃦

1

ρ̂π̂a

− 1

ρπa

⃦⃦⃦⃦
w

∥μ̂a − μa∥w

⃦⃦ˆ︁𝛀−1 − 𝛀−1⃦⃦
≲ n−1/2,

and again this estimator achieves the minimax lower
bound. Compared with the condition required for the dou-
bly robust estimator to achieve the minimax lower bound

∥ρ̂π̂a − ρπa∥∥μ̂a − μa∥ = oℙ
(︁
n−1/2)︁

,

since we have a third-order error term for the quadratic
estimator, our higher-order/quadratic estimator achieves
the minimax lower bound in a broader regime.

For the transportation functional θa , we consider a re-
lated functional

ηa = 𝔼
[︁
I (S = 0)𝔼(Y |X,A = a,S = 1)

]︁
= 𝔼

[︁
I (S = 0)μa(X)

]︁
= ℙ(S = 0)θa.

Since ℙ(S = 0) can be estimated at
√

n-rate, to estimate
θa at a minimax optimal rate we only need to estimate
ηa at an optimal rate. The first-order and approximate
second-order influence functions for ηa are

ϕtr
a,1(Z) = I (S = 1,A = a)(1 − ρ(X))

ρ(X)πa(X)

(︁
Y − μa(X)

)︁
+ I (S = 0)μa(X),

ϕtr
a,2(Z1,Z2)

= I (S1 = 1,A1 = a)
(︁
Y1 − μa(X1)

)︁
b(X1)⊤𝛀−1b(X2)

× I (S2 = 0)ρ(X2)πa(X2) − (1 − ρ(X2))I (A2 = a,S2 = 1)

ρ(X2)πa(X2)
.

The quadratic estimator is

η̂qr
a = ℙn

[︁
ϕ̂tr

a,1(Z)
]︁ +𝕌n

[︁
ϕ̂tr

a,2(Z1,Z2)
]︁
.

The following theorem, which is the analogous version of
Theorem 6.1 in the transportation setting, summarizes the
estimation guarantee of the quadratic estimator η̂

qr
a .

THEOREM 6.3 (Quadratic estimation of transportation
functional). Assume all the nuisance functions μ̂a , ρ̂,
π̂a , F̂ are estimated from a separate training sample Dn.
Further assume that ρ, π , ρ̂, π̂ are all bounded away from
zero, and the eigenvalues of 𝛀, ˆ︁𝛀 are bounded away from
zero and infinity. The conditional bias and variance of η̂a

(giving the training data to estimate the nuisance func-
tions) are bounded as⃓⃓
𝔼

[︁
η̂qr

a

⃓⃓
Dn]︁ − ηa

⃓⃓
≲

⃦⃦⃦⃦
(I − Πb)

(︃
1 − ρ̂

ρ̂π̂a

− 1 − ρ

ρπa

)︃
×

⃦⃦⃦⃦
w

⃦⃦
(I − Πb)(μ̂a − μa)

⃦⃦
w

+
⃦⃦⃦⃦

1 − ρ̂

ρ̂π̂a

− 1 − ρ

ρπa

⃦⃦⃦⃦
w

∥μ̂a − μa∥w

⃦⃦ˆ︁𝛀−1 − 𝛀−1⃦⃦
,

Var
(︁
η̂qr

a

⃓⃓
Dn)︁

≲ 1

n
+ k

n2 ,

where the weighted L2 norm of a function g is ∥g∥2
w =∫︁

g2(x)πa(x)ρ(x) dF (x).

Now the story is the same as the generalization case
except we need to replace 1/ρπa with (1 − ρ)/ρπa (i.e.,
we impose smoothness assumption on (1 − ρ)/ρπa and
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FIG. 1. RMSE vs. α.

(1 − ρ̂)/ρ̂π̂a). With the approximation property of basis
b (Assumption 6.2) and further assume a bound on the
convergence rate of the nuisance function estimators⃦⃦⃦⃦

1 − ρ̂

ρ̂π̂a

− 1 − ρ

ρπa

⃦⃦⃦⃦
w

∥μ̂a − μa∥w

⃦⃦ˆ︁𝛀−1 − 𝛀−1⃦⃦
,

we can prove that the quadratic estimator η̂
qr
a achieves the

minimax lower bound in a broader regime than the doubly
robust estimator.

7. SIMULATION STUDY

In this section, we examine the performance of dou-
bly robust estimators empirically. Specifically, we exam-
ine the performance of the plug-in-style estimator and the
doubly robust estimator under varying nuisance conver-
gence rates in Section 7.1 and in the presence of potential
model misspecification in Section 7.2.

7.1 Estimation Error and Nuisance Estimation Error

Consider the following data generating process: X =
(X1,X2,X3,X4,X5) ∼ N(0, I5), V = (X1,X2,X3).
Given n samples, generate S according to ρ(V) = ℙ(S =
1|V) = 0.5 (participation probability). In the source pop-
ulation, set π1(x) = expit(0.3x1 −0.3x3) and simulate the
treatment A ∼ Bernoulli(π1(X)). Consider the following
linear potential outcome model:

μ1(x) = 1.5x1 + x4 + 1,μ0(x) = x1,

and Y = Aμ1(X)+ (1−A)μ0(X)+N(0,1). So, we have

τ1(v) = 𝔼
[︁
μ1(X)|V = v, S = 1

]︁ = 1.5x1 + 1, τ0(v) = x1.

The transportation functional is θ1 = 𝔼[τ1(V)|S = 0] =
1. The nuisance estimators are μ̂a(x) = μa(x) + ϵ1,n,
τ̂a(v) = τa(v) + ϵ2,n, ρ̂(v) = expit(logit(ρ(v)) + ϵ3,n),
π̂(x) = expit(logit(π1(x)) + ϵ4,n), where ϵi,n ∼ N(n−α,

n−2α). This construction guarantees that the root mean
square errors (RMSE) of π̂1, ρ̂, μ̂a , τ̂a are of order
O(n−α). Then we can use different values of α to eval-
uate the performance of the doubly robust estimator and
plug-in estimator when the nuisance functions are esti-
mated with different convergence rates O(n−α). Specif-
ically, we set the possible values of α to be a sequence

ranging from 0.1 to 0.5 by a step of 0.05. In each replica-
tion, we generate the data and use the doubly robust esti-
mator and the plug-in estimator to estimate the functional
θ1 = 1. This process is replicated 1000 times for sample
size n = 100,1000,5000 and the RMSE is computed. We
report the simulation results in Figure 1.

From Figure 1, we see when the sample size is large and
the convergence rate of the nuisance functions is slower
than the parametric rate O(n−1/2); the RMSE of dou-
bly robust estimators can be much lower than the plug-
in estimators. This coincides with our theoretical results.
Note that although the performance of the plug-in estima-
tor can be as good as the doubly robust estimator when
the convergence rate is approximately the parametric rate,
in practice we may be unable to correctly specify a para-
metric model for nuisance functions, and hence we are
unlikely to achieve the parametric rate. So, the doubly ro-
bust estimator is recommended in generalizing and trans-
porting causal effects from the source population to the
target population in real data analysis. In future work, we
will compare against the performance of our higher-order
estimator.

7.2 Estimation Error and Model Misspecification

Consider the following setting: X = (X1,X2,X3,

X4) ∼ N(0, I4), V = (X1,X2,X3). Given n samples,
generate S according to ρ(v) = ℙ(S = 1|v) = 0.2x1 +
0.4x2 − 0.5x2

3 . In the source population, set π1(x) =
expit(0.3x1 − 0.2x2 + 0.5x2

3) and simulate the treatment
A ∼ Bernoulli(π1(X)). Consider the following linear po-
tential outcome model:

μ1(x) = 1.5x1 + 0.5x2 + x2
3 + x4,

and Y = Aμ1(X) + N(0,1). So, we have

τ1(v) = 𝔼
[︁
μ1(X)|V = v, S = 1

]︁ = 1.5x1 + 0.5x2 + x2
3 .

The generalization functional is ψ1 = 𝔼[τ1(V)] = 1. We
fit (generalized) linear regression models for the nuisance
functions μ1, τ1, π1, ρ. To evaluate estimator perfor-
mance under model misspecification, we consider scenar-
ios where the outcome models μ1, τ1 or the propensity
score models π1, ρ are correctly specified or misspec-
ified, with misspecification treating the quadratic term
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FIG. 2. Performance of estimators under model misspecification.

in X3 as linear. We generate samples with size n ∈
{500,1000, . . . ,5000}, apply two estimators under differ-
ent model misspecifications, and compute the RMSE. The
results are summarized in Figure 2.

When the outcome model is misspecified, the plug-in-
style estimator, which relies solely on outcome modeling,
becomes inconsistent, as illustrated in Figure 2. In con-
trast, the doubly robust estimator models both the out-
come and treatment assignment, making it more robust
to model misspecification. As long as either the outcome
models τ1, μ1 or the propensity score models π1, ρ are
correctly specified, the doubly robust estimator remains
consistent, aligning with the theoretical results in Theo-
rem 4.4.

8. DATA ANALYSIS

In this section, we illustrate the proposed method with
a real data example. Specifically, we aim to transport the
causal effects of fruit and vegetable intake on adverse
pregnancy outcomes from an observational study to all
pregnancies in the U.S. We first introduce the background
and motivation of the problem in Section 8.1. The neces-
sity of transportation is assessed in supplementary ma-
terials [59], that is, we show the distributions of covari-
ates in two populations are different and some covariates
may modify effects. In Section 8.2, we apply the pro-
posed method to two data sets and estimate the ATE of
different dietary components in the target population (the
whole U.S. pregnant female population). Finally, sensitiv-
ity analysis is performed when we are not confident in the
exchangeability and transportability assumption in Sec-
tion 8.3.

8.1 Background and Motivation

Preterm birth, small-for-gestational-age birth, pre-
eclampsia and gestational diabetes are adverse pregnancy
and birth outcomes that contribute to one-quarter of infant
deaths in the U.S. and pose a tremendous economic and
emotional burden for societies and families [12, 19, 46].

Maternal nutrition is one of the few known modifiable risk
factors for adverse pregnancy outcomes [45]. Preventing
poor outcomes by optimizing preconception dietary pat-
terns is therefore a public health priority. We previously
showed that diets with a high density of fruits and veg-
etables were associated with a reduced risk of poor preg-
nancy outcomes [8]. In the current analysis, we estimated
the causal effects of fruit and vegetable intake on adverse
pregnancy outcomes in the whole U.S. population of preg-
nant women. Ideally, we would conduct randomized con-
trolled trials on this population, or a random sample of
it, and apply standard causal inference techniques to esti-
mate the ATE. However, sampling and doing experiments
on the U.S. pregnant population is not feasible. There-
fore, we will transport the causal effects obtained from
our prior work using data from the Nulliparous Pregnancy
Outcomes Study: Monitoring mothers-to-be (nuMoM2b)
to the U.S. pregnant population.

As described in detail previously [22], nuMoM2b en-
rolled 10,083 people in 8 U.S. medical centers from 2010
to 2013. Eligibility criteria included a viable singleton
pregnancy, 6–13 completed weeks of gestation at enroll-
ment, and no previous pregnancy that lasted ≥ 20 weeks
of gestation. All participants provided informed, written
consent and the study was approved by each site’s in-
stitutional review board. At enrollment (6–13 completed
weeks of gestation), women completed a semiquantita-
tive food frequency questionnaire querying usual pericon-
ceptional dietary intake. The full dietary assessment ap-
proach has been published [8]. The treatments of interest
are servings of fruits and vegetables per day. Other food
groups served as important confounders: whole grains,
dairy products, total protein foods, seafood and plant pro-
teins, fatty acids, refined grains, sodium and “empty”
calories. At least 30 days after delivery, a trained certified
chart abstractor recorded final birth outcomes, medical
history, and delivery diagnoses and complications. This
information provides us with data on responses: preterm
birth, SGA birth, gestational diabetes and preeclampsia.
Data were also ascertained on maternal age, race, edu-
cation, prepregnancy body mass index, smoking status,
marital status, insurance status and working status. In our
analysis, we set the threshold to be the 80% quantile of
total fruit or vegetable intake. Total fruit/vegetable in-
take higher than the 80% quantile is considered treated
(A = 1), otherwise not treated (A = 0). For the out-
come, when the adverse pregnancy outcome occurs, we
let Y = 1. Otherwise Y = 0. We will focus on the causal
effects of fruit and vegetable intake on the aforementioned
adverse pregnancy outcomes.

However, participants in the nuMoM2b cohort may not
be representative of the U.S. pregnant population. For in-
stance, 23% of participants received an education beyond
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FIG. 3. Effects of fruit and vegetable intake in the whole U.S. pregnant female population.

college compared with 10% of the U.S. pregnant popula-
tion. Hence, the distributions of covariates in study par-
ticipants and target population are quite different. The nu-
MoM2b cohort may not be representative of the target
population. It is possible that some covariates, such as age
and education level will modify the effects of dietary com-
ponents. Then the estimates in [8] based on Numom study
will not immediately generalize to the U.S. population of
women. To estimate the ATE in the whole U.S. pregnant
female population, we find a U.S. representative sam-
ple from the National Survey of Family Growth (NSFG),
which contains information on 9553 women in the U.S.
The documentation of the data is available at https://www.
cdc.gov/nchs/nsfg/nsfg_2015_2017_puf.htm.

8.2 Transportation

Having observed that transportation methods are nec-
essary based on results in Supplementary Materials [59],
here we assume the five identification assumptions in Sec-
tion 3 and use our doubly robust estimator to estimate the
ATE in the target population. The covariate sets that we
use are X = {education, age, race, marital status, insur-
ance, work, smoking, number of cigarettes, BMI, other
dietary components (e.g., protein)} and V = {education,
age, race, marital status, insurance, work, smoking, num-
ber of cigarettes}. In particular, we adapt our estimators to
these two data sets in two aspects. First, there exist some
units with extremely small propensity score π̂a(X) in the
source data set. Since we need to reweight each sample
in the nuMoM2b cohort by the inverse of the probabil-
ity of getting treated, our doubly robust estimator may
suffer from high instability if we directly use these small
propensity scores. So, we enforce all the propensity scores
πa(Xi )’s to be in the range [0.01, 0.99] (i.e., the positivity
constant ϵ is set to be 0.01 in our analysis). Similarly, we
also enforce all the participation probabilities ρ(Vi )’s to
be greater than 0.01.

The other point is that the sampling process of NSFG
data set undergoes multiple stages and is more compli-
cated than simple random sampling (SRS). According to

examples given by CDC, we can approximate that sam-
pling process with a stratified cluster sampling proce-
dure and estimate the mean of a variable with appropri-
ate weights. The variance of the estimator can also be ob-
tained from the theory of stratified cluster sampling. The
details on adjusting our estimator based on stratified clus-
ter sampling can be found in the Supplementary Materials
[59].

Our methods with above adjustments are applied to
each combination of treatments (fruit intake, vegetable in-
take) and outcomes (preterm birth, SGA birth, gestational
diabetes, preeclampsia). All the nuisance functions are fit-
ted with “SL.ranger” (random forests) and “SL.glmnet”
(penalized GLM) and “SL.mean” in the R package “Su-
perLearner.” Five-fold cross-fitting is used to guarantee
the sample splitting condition in Theorem 4.5. The results
are summarized in Figure 3.

Detailed analysis on model selection (i.e., choice of
models in SuperLearner), choice of positivity constant
ϵ and potential outliers is presented in the Supplemen-
tary Materials [59], which justifies the choice in our anal-
ysis. The effects of high fruit intake on preterm birth,
preeclampsia, gestational diabetes and SGA birth are
−0.0214 (95% CI [−0.0266, −0.0162]), −0.012 (95%
CI [−0.0176, −0.00626]), 0.00114 (95% CI [−0.00398,
0.00626]), −0.0164 (95% CI [−0.0227, −0.0101]), re-
spectively. The effects of high vegetable intake on preterm
birth, preeclampsia, gestational diabetes and SGA birth
are −0.0442 (95% CI [−0.0491, −0.0393]), −0.00102
(95% CI [−0.0122, 0.0102]), 0.024 (95% CI [0.0191,
0.029]), −0.0166 (95% CI [−0.0218, −0.0113]).

From the results above, we see the effects of high fruit
intake on preterm birth, preeclampsia and SGA birth are
significantly negative at level 0.05 in the target popula-
tion, which implies eating more fruit potentially causes a
lower risk of these adverse pregnancy outcomes. For the
results on vegetables, the effect of high vegetable intake
on preterm birth and SGA birth is significantly negative.
The strict interpretation for the effects of high vegetable

https://www.cdc.gov/nchs/nsfg/nsfg_2015_2017_puf.htm
https://www.cdc.gov/nchs/nsfg/nsfg_2015_2017_puf.htm
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intake on preterm birth is: Compared with participants
whose vegetable intake is less than 80% quantile of veg-
etable intake in the nuMoM2b cohort, women with higher
vegetable intake have 4 fewer preterm births for every
100 women in the whole U.S. pregnant female popula-
tion. Other combinations of treatments and outcomes can
be similarly interpreted. We also see (significant) positive
effects of high vegetable intake on gestational diabetes,
which shows eating more vegetables may potentially in-
crease the risk of getting gestational diabetes. This result
is counterintuitive. One potential problem is the identifi-
cation assumptions may not hold, so we cannot interpret
our results from a causal perspective. As a result, we will
perform sensitivity analysis in the following section, to
deal with possible violations of the identification assump-
tions.

8.3 Sensitivity Analysis and Discussion

Here, we focus on the effects of high vegetable intake
on gestational diabetes as an example. According to the
discussions in Section 3.1, under Assumption 3.7 and As-
sumption 3.8 the bound for the ATE in the target popula-
tion is given by

[0.024 − δ1 − 2δ2,0.024 + δ1 + 2δ2].
We visualize the range of the bounds when only ex-
changeability is violated (δ2 = 0) or only transportability
is violated (δ1 = 0) in Figure 4, respectively.

The plots should be understood as follows: (a) For a
specific value δ1, the interval that covers the ATE is given
by the intersection of the blue region and the line x =
δ1. (b) Can be interpreted similarly. From Figure 4, we
see if only exchangeability is violated (i.e., δ2 = 0), then
the critical value for δ1 to turn around the result is 0.024.
If only transportability is violated (i.e., δ1 = 0), then the
critical value for δ2 to turn around the result is 0.012.

Considering the covariate sets X = {education, age,
race, marital status, insurance, work, smoking, number of
cigarettes, BMI, other dietary components (e.g., protein)}

and V = {education, age, race, marital status, insurance,
work, smoking, number of cigarettes}, we find most of
the covariates are categorical. The information contained
in categorical variables is usually less than that in continu-
ous ones. Furthermore, there may be some confounders or
effect modifiers that are not measured in the data set. For
instance, body mass index (BMI) may be an effect modi-
fier but we do not have information on it in the NSFG data
set, and hence cannot take it into account. Therefore, the
categorical variables we include in the analysis may not
provide sufficient information for the identification As-
sumptions 3.2 and 3.4 to hold. Hence, sensitivity analysis
is quite necessary in our problem.

From the perspective of the high vegetable intake treat-
ment itself, it may be that the increased risk is due to the
majority of vegetables being fried potatoes, which are less
healthy than other vegetables.

9. DISCUSSION

In this paper, we extend the generalization and trans-
portation techniques in [17, 18] to the case where a differ-
ent sets of covariates can be used in the source population
and the target population. To be concrete, we summarize
the sufficient assumptions to identify the ATE in the tar-
get population. We also provide methods to perform sen-
sitivity analysis when the identification assumptions fail.
The first-order influence functions and efficiency bounds
are derived for the target statistical functionals when they
are identified. We further propose a doubly robust esti-
mator based on the first-order influence functions and es-
tablish its asymptotic normality under proper conditions.
Simulation studies show the advantage of the doubly ro-
bust estimator over the plug-in estimator. We also study
the minimax lower bounds and higher-order/quadratic es-
timation based on second-order von Mises expansion in
the case where the source population and the target pop-
ulation share the same set of covariates (i.e., V = X). Al-
though we rely on similar techniques used in the ATE
case [38, 39], these results are nontrivial and important in

FIG. 4. Sensitivity analysis when treatment is high vegetable intake and outcome is gestational diabetes.
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understanding the properties of generalization and trans-
portation functional. Finally, we illustrate the proposed
methods with an interesting example, where we transport
the causal effects of fruit and vegetable intake on adverse
pregnancy outcomes from an observational study to the
whole U.S. pregnant female population.

In this paper, we only consider the minimax rate and
quadratic estimation in the special case V = X. In the gen-
eral case X = (W,V), the target functionals in (5) involve
a triple integral and can be viewed as “cubic functionals”
[34, 48]. Such functionals are not well understood in the
literature and it is more challenging to construct adver-
sarial settings to establish the minimax lower bounds or
derive higher-order influence functions to correct for the
second-order bias. One special case is to assume the co-
variates V are discrete and we can write

ψa = ∑︂
v

p(v)𝔼
[︁
𝔼(Y |X,A = a,S = 1)|V = v, S = 1

]︁
.

Now we only need to estimate 𝔼[𝔼(Y |X,A = a,S =
1)|V = v, S = 1] = 𝔼[𝔼(Y |W,A = a,V = v, S = 1)|V =
v, S = 1]. Note that this functional is equivalent to esti-
mating ATE among individuals with V = v, S = 1 using
covariate set W, and hence the standard ATE theory ap-
plies. We leave the general case as future work. More-
over, while [9] and [58] have demonstrated that higher-
order estimators perform well in settings with continuous
treatments or discrete covariates, the implementation and
selection of tuning parameters remain open problems for
future research.

Another relevant literature focuses on combining multi-
ple data sources to estimate treatment effects [23, 24, 57],
where some sources may have unmeasured confounders
or may not represent the target population. Extending our
methods to this setting, where generalization and trans-
portation are considered with multiple data sets from the
source population, is a potential avenue for future re-
search. Additionally, other interesting questions in gener-
alization and transportation include whether it is possible
to generalize or transport time-varying treatment effects,
where the treatment or exposure changes over time. In
the classical ATE framework, several approaches exist for
sensitivity analysis, where different sensitivity models are
used to address potential violations of identification as-
sumptions [10, 53, 56, 60]. Formalizing similar sensitiv-
ity models for use in generalization and transportation set-
tings remains an open question for future investigation. A
further practical challenge is how to appropriately select
confounders X and effect modifiers V. [43] demonstrated
that researchers can focus on variables that are both ef-
fect modifiers and differentially distributed across groups
in V. However, identifying this set of variables is typi-
cally not straightforward in applications. Therefore, it is
crucial to develop principled methods for selecting vari-
ables to adjust for in the generalization and transportation
of causal effects.

APPENDIX A: GENERAL STRATEGIES TO PROVE
MINIMAX LOWER BOUNDS

We will use the following lemma (adapted from Le
Cam’s convex hull method), which summarizes the main
ingredients in deriving minimax lower bound for a statis-
tical functional, to derive the minimax lower bounds.

LEMMA A.1. Let ℙ𝝀 and ℚ𝝀 denote distributions in 𝒫
indexed by a vector 𝝀 = (λ1, . . . , λk) with corresponding
n-dimensional product measure ℙn

𝝀 and ℚn
𝝀. Let π be a

probability distribution of 𝝀. The functional of interest is
ψ : 𝒫 ↦→ ℝ. If

H 2
(︃∫︂

ℙn
𝝀 dπ(𝝀),

∫︂
ℚn

𝝀 dπ(𝝀)

)︃
≤ α < 2

and ⃓⃓
ψ(ℙ𝝀) − ψ(ℚ𝝀′)

⃓⃓ ≥ s > 0

for all 𝝀, 𝝀′, then

infˆ︁ψ sup
ℙ∈𝒫

𝔼ℙ

{︁⃓⃓ˆ︁ψ − ψ(ℙ)
⃓⃓}︁ ≥ s

2

(︃
1 − √

α(1 − α/4)

2

)︃
.

As pointed out in Lemma A.1, the general method to
derive minimax lower bound is to construct two distribu-
tions that are statistically indistinguishable (i.e., the dis-
tance between two distributions is small) but the target pa-
rameters of two distributions are sufficiently separated. In
nonparametric regression problems, to arrive at the mini-
max rate it suffices to apply Le Cam’s two-point method
and construct a pair of distributions [52]. In nonlinear
functional estimation, typically at least one distribution
needs to be a mixture to obtain a tight bound [39]. In-
tuitively, by considering mixture distributions, the signal
from the distribution is further neutralized, which yields
distributions with smaller statistical distance while the
target parameter is still separated, and thus gives tighter
lower bounds. New techniques for bounding the distance
between mixture distributions have been developed in the
literature. For instance, [7] considered the case where
only one distribution is a mixture and [39] further ex-
tended the bound to the case where both distributions are
mixtures. In our analysis, we will use the following bound
on Hellinger distance from [39].

LEMMA A.2 ([39]). Let ℙ𝝀 and ℚ𝝀 denote distribu-
tions in 𝒫 indexed by a vector 𝝀 = (λ1, . . . , λk) with cor-
responding n-dimensional product measure ℙn

𝝀 and ℚn
𝝀

and let 𝒵 = ∪k
j=1𝒵j be a partition of the sample space

satisfying:

1. ℙ𝝀(𝒵j ) =ℚ𝝀(𝒵j ) = pj for all 𝝀;
2. the conditional distributions I𝒵j

dℙ𝝀/pj , I𝒵j
dℚ𝝀/

pj only depend on λj (do not depend on λk for k ≠ j ).
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Let p𝝀 and q𝝀 denote the density of ℙ𝝀 and ℚ𝝀, re-
spectively. Given a product distribution π on 𝝀, define
p = ∫︁

p𝝀 dπ(𝝀), q = ∫︁
q𝝀 dπ(𝝀) and

δ1 = max
j

sup
𝝀

∫︂
𝒵j

(p𝝀 − p)2

p𝝀pj

dν,

δ2 = max
j

sup
𝝀

∫︂
𝒵j

(q𝝀 − p𝝀)
2

p𝝀pj

dν,

δ3 = max
j

sup
𝝀

∫︂
𝒵j

(q − p)2

p𝝀pj

dν

for a dominating measure ν. If npj (1∨δ1 ∨δ2) ≤ b for all
j and b−1 ≤ p𝝀 ≤ b for a positive constant b, then there
exists a constant C that only depends on b such that

H 2
(︃∫︂

ℙn
𝝀 dπ(𝝀),

∫︂
ℚn

𝝀 dπ(𝝀)

)︃
≤ Cn2

(︂
max

j
pj

)︂(︁
δ1δ2 + δ2

2
)︁ + Cnδ3.

The idea of deriving minimax lower bound now be-
comes clear. We first carefully construct two classes of
distributions indexed by 𝝀 such that the target parame-
ters of two distribution classes are separated. Then we
can apply Lemma A.2 to bound the Hellinger distance be-
tween the mixture distributions of two distribution classes
(with the same mixture distribution on 𝝀). Finally, we ap-
ply Lemma A.1 to obtain the minimax lower bound. In
Section 5.1, we apply this idea to the generalization and
transportation setting.

APPENDIX B: QUADRATIC VON MISES CALCULUS

As discussed in Section 4.1, the first-order influence
function is the derivative in the first-order von Mises ex-
pansion of the statistical functional ψ = ψ(ℙ). Mathemat-
ically, we have

ψ(ℙ̂) − ψ(ℙ) = −
∫︂

ϕ1(z, ℙ̂) dℙ(z) + R2(ℙ̂,ℙ),

where ϕ1(z,ℙ) is the influence function of ψ(ℙ), ψ(ℙ̂) is
the plug-in estimator and R2(ℙ̂,ℙ) is the second-order re-
minder. This suggests that the plug-in estimator has first-
order bias − ∫︁

ϕ1(z, ℙ̂) dℙ(z). Equivalently, we can write

ψ(ℙ) = ψ(ℙ̂) +
∫︂

ϕ1(z, ℙ̂) dℙ(z) + R2(ℙ̂,ℙ),

which motivates us to correct for the first-order bias and
arrive at the doubly robust estimator

ψ̂dr = ψ(ℙ̂) + ℙn

{︁
ϕ1(Z, ℙ̂)

}︁
.

Under further empirical process assumptions or sample
splitting assumptions, we can show the dominating term
in the conditional bias of ψ̂dr is R2(ℙ̂,ℙ), which is usu-
ally a second-order error term (e.g., R2(ℙ̂,ℙ) is of or-
der ∥μ̂a − μa∥∥π̂a − πa∥ + ∥ρ̂ − ρ∥∥τ̂a − τa∥ in gen-
eralization and transportation functionals). At this point,

one may consider further expressing ψ(ℙ) as a second-
order Von Mises expansion and hopefully the remainder
error term can be of “third-order small”. This motivates
the study of second-order influence functions. Mathemat-
ically, we can write

(9)

ψ(ℙ) − ψ(ℙ̂)

=
∫︂

ϕ1(z, ℙ̂) d(ℙ− ℙ̂)(z)

+ 1

2

∫︂
ϕ2(z1, z2, ℙ̂) d(ℙ− ℙ̂)

× (ℙ− ℙ̂)(z1, z2)

+ R3(ℙ̂,ℙ)

=
∫︂

ϕ1(z, ℙ̂) dℙ(z)

+ 1

2

∫︂
ϕ2(z1, z2, ℙ̂) d(ℙ× ℙ)(z1, z2)

+ R3(ℙ̂,ℙ),

where ϕ1(z,ℙ) is the first-order influence function and
ϕ2(z1, z2,ℙ) is the second-order influence function. Here,
we assume both ϕ1 and ϕ2 are centered:

∫︁
ϕ1(z,

ℙ) dℙ(z) = 0 and
∫︁

ϕ2(z1, z2,ℙ) dℙ(zi ) = 0 for i = 1,2.
A strict mathematical definition of second-order influence
function requires the notion of second-order score and
we refer to [38] for more detailed discussions. When the
second-order influence function exists, it can be derived
by differentiating the first-order influence function (i.e.,
deriving the influence function of the first-order influence
function), as summarized in the following lemma.

LEMMA B.1 ([38]). Suppose {ℙt , t ≥ 0} is a suffi-
ciently smooth submodel and ϕ1 : 𝒵 ↦→ ℝ, ϕ2 : 𝒵 ×𝒵 ↦→
ℝ are measurable functions that satisfy

∂ψ(ℙt )

∂t
=

∫︂
ϕ1(z,ℙt )

∂pt (z)
∂t

dz, t ≥ 0,

∂ϕ1(z1,ℙt )

∂t

⃓⃓⃓⃓
t=0

=
∫︂

ϕ2(z1, z2,ℙ)

× ∂ logpt(z2)

∂t

⃓⃓⃓⃓
t=0

dℙ(z2)

∀z1 ∈ 𝒵 . Then the function ϕ2 is a second-order influence
function of ψ .

After deriving the second-order influence function, we
replace the integral with respect to ℙ and ℙ × ℙ with a
sample average and U-statistics measure in (9), and arrive
at the general form of the quadratic estimator for a statis-
tical functional ψ as follows:

(10)
ψ̂qr = ψ(ℙ̂) + ℙn

{︁
ϕ1(Z, ℙ̂)

}︁
+ 1

2
𝕌n

{︁
ϕ2(Z1,Z2, ℙ̂)

}︁
.
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Since we have corrected for both first-order and second-
order bias in the plug-in estimator, ideally we may hope
R3(ℙ̂,ℙ) is a third-order error term, and thus the bias
of ψ̂qr is smaller than ψ̂dr. Unfortunately, the nonexis-
tence of a second-order influence function is typical for
many functionals, implying that a third-order error term
R3(ℙ̂,ℙ) may not be attainable. However, we may still
be able to correct for “partial second-order bias.” The key
is to find a finite-dimensional subspace L and define an
“approximate second-order influence function” based on
L, which induces an additional representational error to
R3(ℙ̂,ℙ). The dimension of L is carefully selected to bal-
ance the representation error, variance of the quadratic es-
timator and the remainder term in von Mises expansion.
In Section 6.1, we illustrate how to construct quadratic
estimators based on second-order influence functions in
generalization and transportation settings.
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