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Abstract: Simulation studies are used to evaluate and compare 
the properties of statistical methods in controlled experimental 
settings. In most cases, performing a simulation study requires 
knowledge of the true value of the parameter, or estimand, of inter-
est. However, in many simulation designs, the true value of the 
estimand is difficult to compute analytically. Here, we illustrate 
the use of Monte Carlo integration to compute true estimand val-
ues in simple and more complex simulation designs. We provide 
general pseudocode that can be replicated in any software program 
of choice to demonstrate key principles in using Monte Carlo inte-
gration in two scenarios: a simple three-variable simulation where 
interest lies in the marginally adjusted odds ratio and a more com-
plex causal mediation analysis where interest lies in the controlled 
direct effect in the presence of mediator-outcome confounders 
affected by the exposure. We discuss general strategies that can be 
used to minimize Monte Carlo error and to serve as checks on the 
simulation program to avoid coding errors. R programming code 
is provided illustrating the application of our pseudocode in these 
settings.
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integration; Monte Carlo simulation; Numeric integration; Statistics
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Simulation studies are often employed to evaluate and com-
pare the properties of statistical methods in controlled 

experimental settings. Simulation studies can be used for a 
wide range of goals, from basic conceptual clarification,1 to 
formal research questions about the performance of different 
analytic methods.2 Monte Carlo simulations relate to a gen-
eral category of techniques known as Monte Carlo methods,3 

a class of methods that rely on pseudo-random number gener-
ation to solve problems.4

The design of Monte Carlo simulation studies 
involves several steps. These include clearly articulat-
ing the aims of the simulation study, the data-generating 
mechanisms that will be used, the estimand of interest, the 
methods that will be used to estimate the estimand, and 
the performance measures used to evaluate the properties 
of the methods under study.2 Simulation studies proceed 
by repeatedly simulating datasets from a data-generating 
mechanism. Each simulated dataset is analyzed, and the 
performance of the methods is compared by aggregating 
results across multiple simulated datasets. For example, to 
approximate the bias of an estimator, we can compute the 
empirical average (across all simulated datasets) difference 
between the point estimates and the truth. To approximate 
the coverage of a method for building a confidence interval, 
we can compute the empirical proportion (out of all simu-
lated datasets) of intervals that contain the true parameter 
value. This makes clear the importance for the researcher to 
know the true value of the estimand that is implied by the 
selected data-generating process.

Ideally, the true estimand value will be taken 
directly from the parameter values used in the data- 
generating mechanism. For example, if the data-generating  
mechanism involves simulating from a logistic  
regression P(Y = 1|A,C) = expit {β0 + β1A+ β2C}, with 
expit {•} = 1

(1+exp(−•)), and interest lies in estimating the 
conditionally adjusted odds ratio for A, the true estimand value 
is easily computed as exp (β1), where β1 is the researcher- 
selected value used to generate the data.

It is sometimes possible to read off true estimand values 
directly from the data-generating process. However, often the 
true estimand value may not be easily computed as a single 
parameter, or simple combination of parameters. Here, we out-
line the use of Monte Carlo integration, a process that utilizes 
pseudo-random sampling to approximate complex analytic 
expressions, to solve for true estimand values. We illustrate 
the approach using two example scenarios: a data-generating 
mechanism where the estimand of interest is the marginally 
adjusted odds ratio; and a causal mediation setting where 
interest lies in the controlled direct effect (CDE). We provide 
pseudocode for each example and provide R code in an asso-
ciated GitHub repository.
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EXAMPLE 1: MARGINALLY ADJUSTED ODDS 
RATIO AS THE ESTIMAND

The first example involves estimating the marginally 
adjusted odds ratio using methods such as inverse proba-
bility weighting or marginal standardization.5,6 The causal 
diagram is a simple triangle structure with C  as the con-
founder, A as the exposure, and Y  as the outcome. A para-
metric approach to simulating such data might be to first 
simulate C  from a Normal distribution with mean µ and 
variance σ2. Then based on the simulated values of C , sim-
ulate the exposure A from a logistic regression model with 
P(A = 1|C) = expit (α0 + α1C), for some researcher- 
selected values α0,α1. Finally, the outcome is simulated 
from a logistic regression model

	 P(Y = 1|X ,C) = expit {β0 + β1A+ β2C} .	 (1)

As noted above, if the true parameter of interest was the condi-
tionally adjusted odds ratio, its value could easily be obtained 
as exp (β1). However, there are well-known and important 
differences between marginally versus conditionally adjusted 
odds ratios,7–9 due to the fact that the odds ratio is a noncol-
lapsible measure of effect.10 Noncollapsibility is distinct from 
confounding,11 which means that for a given logistic regres-
sion model with the same set of correctly chosen confounders, 
the marginally versus conditionally adjusted odds ratio may 
be numerically different. Thus, in the context of equation 1, 
while exponentiating the value of the β1 coefficient provides 
the conditionally adjusted odds ratio, the marginally adjusted 
odds ratio may be a different value.

Under ideal conditions, one would rely on algebraic 
derivations to obtain an analytic solution to the margin-
ally adjusted odds ratio. Doing this for equation 1 could 
be accomplished via integration, which would require 
solving:

µ (a) =

�

c

expit {β0 + β1a+ β2c}
1

(2π)1/2σ
exp

®
(c− µ)

2

2σ2

´
dc,

for a = 0, 1. The solution to this integral yields a marginal 
probability of the outcome that would be observed if A = a .  
One can then construct a marginally adjusted odds ratio 
as:

ψ =
µ (1)

1 − µ (1)
/

µ (0)
1 − µ (0)

However, even in this simple setting with a single variable 
C , analytically solving for this integral is challenging. One 
could employ numeric integration [see GitHub repository]. 
However, this approach would not scale well to settings with 
more than one C  variable.

Instead, we can use Monte Carlo integration to solve for 
ψ, as follows:

BOX 1 PSEUDOCODE FOR IMPLEMENTING 
MONTE CARLO INTEGRATION TO SOLVE 
FOR THE TRUE MARGINALLY ADJUSTED 
ODDS RATIO IN A SIMPLE THREE-NODE 

CAUSAL DIAGRAM

	1:	 set random number generator seed value
	2:	 set large sample size N
	3:	 simulate i ∈ 1 . . .N  observations Ci from a Normal dis-

tribution with mean µ and variance σ2

	4:	 compute µi (a) = expit (β0 + β1a+ β2Ci) for both 
a = 0 and a = 1. Thus, µi (0) = expit (β0 + β2Ci) and 
µi (1) = expit (β0 + β1 + β2Ci).

	5:	 the approximated value of µ (x) is given by the 
mean of µi (x) over all N  simulated observations, 
µ (x) = 1

N

∑N
i=1 µi (x). The approximated value of ψ is 

given by

ψ̃ =
[µ̂ (1) / (1− µ̂ (1))]
[µ̂ (0) / (1− µ̂ (0))]

The approximated value of ψ obtained from the pseudo-
code above can be used as the true estimand value for a simu-
lation study evaluating the properties of an estimator seeking 
to quantify the marginally adjusted odds ratio. However, it is 
important to note that this “true” estimand value depends on (i) 
the specifications for the distribution of C  and (ii) the parame-
ter values for the logistic regression model generating Y  in this 
case, β0,β1,β2. If the distribution of C  changes, or if the regres-
sion model coefficients change, this pseudoalgorithm should be 
run again under these new settings. Additionally, the true value 
of ψ will be subject to error that depends on the sample size 
used in the Monte Carlo integration. This can have important 
consequences for simulation results. To mitigate the impact of 
Monte Carlo error, a number of strategies could be considered. 
First, the sample size N  used to compute the true value should 
be as large as possible under available computing resources to 
minimize Monte Carlo error. Second, one could more compre-
hensively assess the variance of the Monte Carlo error of the 
true value under different N  to ensure that it is acceptably small 
in the region of N  being used to compute the truth. Finally, 
several iterations of the pseudocode under different seed values 
could be run to confirm that the sample is large enough to lead 
to only negligible changes in the approximated value.

Of note, in step 5 of the above pseudocode, one should 
compute µ̂i (a = 0) and µ̂i (a = 1) directly from the logistic 
model for the outcome, and not to convert these probabilities 
to binary outcomes with a draw from the Bernoulli distribu-
tion. Doing so prevents the introduction of additional Monte 

https://github.com/ainaimi/MonteCarloIntegration
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Carlo error, and reduces the variability of the Monte Carlo 
integration method.

EXAMPLE 2: CONTROLLED DIRECT EFFECT AS 
THE ESTIMAND

The second example computes the true CDE value. 
Here, the CDE of interest is on the difference scale:

ψ = E
Ä

Y a,m − Y a�,m
ä

where Y a,m is the potential outcome that would be observed 
if the exposure A were set to some value a and the mediator 
M  were set to some value m, while Ya�,m is the corresponding 
value that would be observed under some referent a�.

Simulating data for this estimand can be done by refer-
ring to a causal diagram,12 with a data-generating mechanism 
as displayed in the Figure. In this example, the true value of  
the CDE is difficult to compute analytically. It consists of 
a function of the magnitudes of the following paths in the 
Figure:

A → Y

A → M → Y

A → L → Y

In many such settings, it simply may not be possible to ana-
lytically solve for the true CDE. However, we can use Monte 
Carlo integration as follows:

BOX 2 PSEUDOCODE FOR IMPLEMENTING 
MONTE CARLO INTEGRATION TO SOLVE 

FOR THE TRUE CONTROLLED DIRECT 
EFFECT IN A CAUSAL MEDIATION ANALYSIS 

DIRECTED ACYCLIC GRAPH WITH A 
MEDIATOR-OUTCOME CONFOUNDER 

AFFECTED BY THE EXPOSURE.

	1:	 set random number generator seed value.
	2:	 set large sample size N .
	3:	 simulate i ∈ 1 . . .N  observations Ci  and Ui  from a dis-

tribution of choice.
	4:	 construct a1 and a0  for all N  observations corre-

sponding to exposed (e.g., a1 = 1 ) and referent (e.g., 
a0 = 0 ) states.

	5:	 simulate two Li  variables, one corresponding to a1 
( La1

i ) and one corresponding to a0  ( La0
i ), for all N  

observations. This would be from a regression model 
that includes the simulated Ui  and the specified ax  
value, along with relevant parameters.

	6:	 construct m  for all N  observations corresponding to 
the specific mediator value of interest in the controlled 
direct effect contrast (e.g., m = 0  for all N ).

	7:	 simulate Qax,m
i  for all i ∈ 1 . . .N  observations from 

the model for the outcome:

Qax,m
i = f (β0 + β1ax + β2Ci + β3m + β4Li + β5Ui) ,

w�here f (•) represents a specified link function of 
interest.

	8:	 take the mean of Qax,m
i  over all N  to obtain 

µax,m = 1
N

∑N
i=1 Qax,m

i , and construct a difference 
measure as:

ψ̃ = µa1,m − µa0,m

Again, the value of ψ̃ obtained from the psuedocode above 
can be used as the true estimand value for the CDE under the 
specified simulation settings. The magnitude of this true value 
will again depend on the specific parameter values, distribu-
tions, and functional forms selected to generate all variables 
used in the outcome model. If any of these are changed, a sep-
arate ψ̃ should be quantified.

DISCUSSION
Monte Carlo simulation studies are commonly used to 

evaluate estimators in a range of scientific settings. However, 
estimator properties such as bias, mean squared error, and 
confidence interval coverage require a numerical value for the 
true estimand of interest. In many settings, this true value can-
not be obtained analytically. Several simulation studies using 
Monte Carlo integration to compute the true parameter values 
have been conducted.13,14 However, to our knowledge, there 
is no practical description of the procedure, or the setbacks 
that should be considered when deploying the approach, that 
can serve as a reference for researchers unfamiliar with the 
technique.

There are several important issues to consider when 
designing a program to implement Monte Carlo integration 
to compute estimand values. First, general recommendations 
suggest that the selected sample size used to compute the 
true value should be as large as is computationally feasible 

Figure.  Causal diagram depicting the relationships among 
an exposure A, a mediator M , a confounder C , a mediator- 
outcome confounder affected by the exposure L, and an out-
come Y .
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to minimize Monte Carlo error to the smallest value possible. 
However, in practice a degree of Monte Carlo error could be 
tolerated. For example, if increasing the Monte Carlo sam-
ple size past a certain boundary κ only changes the estimand 
value at the 5th or greater decimal place, it might be advisable 
to set the Monte Carlo sample size to κ to avoid expending 
resources for little meaningful gain. Second, it is important 
to note that the source of Monte Carlo error in any simula-
tion study is derived from programming calls to the system’s 
random number generator. For example, in the R program-
ming language, functions used to generate observations from 
a distribution of interest [e.g., rnorm(), runif(), or rexp()], or 
functions used to sample from a set of observations, will con-
tribute to Monte Carlo error. For this reason, one strategy that 
should be used to minimize Monte Carlo error in the estimand 
value is to minimize these calls where possible (e.g., Step 5 in 
Algorithm 1, or Step 7 in Algorithm 2).

Several classes of simulation study design exist. In 
fully parametric simulation studies, each component of 
the data-generating mechanism is specified parametrically 
using researcher-defined functions. For example, confound-
ers, exposures, and outcomes will all be drawn from known 
distributions with prespecified relationships between each. 
Alternatively, plasmode simulations can be conducted in 
which a portion of the data-generating mechanism (e.g., con-
founders) can be constructed using actual data sampled from 
a population of interest.15 Doing so preserves the empirical 
associations between variables drawn from the sample, thus 
providing a closer approximation between simulated and real 
data. To compute the true value using Monte Carlo integra-
tion with a plasmode design using data from a fixed sample 
size, one could resample the original data with replacement 
to obtain a sufficiently large sample that will minimize Monte 
Carlo error. Finally, synthetic simulations have recently been 
developed that rely on machine learning to simulate data 
whose variables and joint distributions between them closely 
approximate an index dataset sampled from a real population 
of interest, but where the effect of the exposure of interest is 
specified a priori.16,17 In principle, Monte Carlo integration 
can be used in all three settings to derive the true estimand 
of interest or to serve as a verification step in the process of 
simulating complex data. Indeed, the Monte Carlo method is a 

general methodological strategy that has been used across the 
sciences to solve simple and complex problems. With increas-
ingly complex simulation analyses being carried out in epi-
demiology, Monte Carlo integration will become increasingly 
useful for gaining insights into complex questions.
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